Ki OF A p-ADIC GROUP RING II. 
THE DETERMINANTAL KERNEL SKi. 



T. CHINBURG, G. PAPPAS, AND M. J. TAYLOR 

Abstract. We describe the group SKi(R[G]) for group rings R[G] where G is 
an arbitrary finite group and where the coefficient ring R is a p-adically complete 
Noetherian integral domain of characteristic zero which admits a lift of Frobenius 
and which also satisfies a number of further mild conditions. Our results extend 
previous work of R. Oliver who obtained such results for the valuation rings of finite 
extensions of the p-adic field. 



1. Introduction 

For an arbitrary (unital) ring S, the group Ki(S') is denned as 

Ki(5) = GL(5)/E(5) 

where GL(S') denotes the (infinite) general linear group of S and E(S') denotes the 
subgroup of elementary matrices over S. In this article we continue our study of Ki 
of a group ring R[G] for a finite group G, where the coefficient ring R is a p-adically 
complete ring. The present paper is the second in a series of two papers: the first 
paper [CPT1] dealt with the determinantal image of Ki(i?[G]), whereas this paper 
is concerned with the kernel of the determinant map, SKi It is interesting to 

note that recently there has been considerable resurgence of interest in Ki of group 
rings with higher dimensional rings of coefficients in equivariant Iwasawa theory (see 
for instance [FK], [K], [Kal-3] and [RW1,2]). 

The conditions we impose on R are slightly stronger than in [CPT1]: R will always 
denote an Noetherian integral domain of finite Krull dimension with field of fractions, 
denoted N, of characteristic zero, and N c will denote a chosen algebraic closure of 
N. We then have a map, which we denote Det, 

(1.1) Det : Ki(i?[G]) -> Ki(iV c [G]) = ® X N CX 

where the direct sum extends over the irreducible iV c -valued characters of G. We 
write SKi(i?[G]) = ker(Det), so that we have the exact sequence 

(1.2) 1 -> SKi(i2[G]) ->• Ki(i?[G]) ->■ Det(Ki(i?[G])) -»• 1. 
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In this paper we complete our study by presenting a number of results on SKi (R[G]). 
One of our main motivations has been the generalization of Frohlich's theory to higher 
dimensional schemes over Z; in particular, some of the results of this paper are used, 
in a crucial manner, in the proof of the adelic Riemann-Roch theorem of [CPT2]. The 
results for Det(Ki(i?[G]) were obtained in [CPT1] by a generalization of the group 
logarithm, as developed in [T] (see also [CR2] and [F]). Here, our results for SKi(i?[G]) 
are, to a large extent, obtained by developing the ideas of R. Oliver as presented in his 
sequence of papers [01-4] and his book [05], which also contain his own independent 
description of the group logarithm. One of the key new achievements of this paper is 
the definition of a new group logarithm which extends the previous group logarithm 
for p-groups to all finite groups (see Sect. 16. ch . This is achieved by the use of Adams 
operations on the group Det(Ki(i?[G])), which are constructed by generalizing the 
work of P. Cassou-Nogues and the third named author in [CNT] . 

Let p be a prime number. Throughout this paper, unless explicitly indicated to 
the contrary, we shall assume that: 

Standing Hypotheses. 

(i) the natural map R — > hni ^ R/p n R is an isomorphism, so that R is p-adically 
complete; 

(ii) R supports a Frobenius lift, i.e a Z p -algebra endomorphism F = Fr : R — > R 
with the property that for all r £ R 

F(r) = r p mod pR\ 

(iii) pR is a prime ideal of R; 

(iv) SKi(i? ®z W) = {1} for the valuation ring W of any finite non-ramified 
extension of Q p . 

Examples of such rings R are: the valuation ring of a non-ramified extension of the 
p-adic field Q p ; the p-adic completion of the polynomial ring Z p [Ti, . . . , T n ] over Z p 

Z p «Ti, ...,T n )) = limZppl, . . . ,T n ]/(p n ); 

n 

the p-adic completion of the ring of formal Laurent series over Z p 
Z p {{Ti, ...,T n }} = £nZ p ((Ti, . . . ,T n ))/(p n ). 

n 

Here Z p ((Ti, . . . , T n )) = Z p [[Ti, . . . , T n ]] [T~ l , . . . , T" 1 ]. In each of the latter two 
examples we may take F(T) = T p . To see that for these choices of R we have 
SKi(i?® Zp W) = {1}, first recall that by a result of Bloch ([Bl, p. 354], SKi(S) = {1} 
if S is a localization of a regular local Noetherian (commutative) domain. This shows 
that SKi(W) = {1}, SK 1 (W((T 1) . . . ,T n ))) = {1}. Now an approximation argument 
as in the proof of Theorem 12.41 shows that SKi(W{{Ti, . . . ,T n }}) = {1}. Similarly, 
the result for the case when R = W{(T\, . . . , T n )) comes from the argument in Lemma 
2.15 of [CPT2] that uses results of L. Gruson. 
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Unless stated to the contrary we shall extend F to an i?-algebra endomorphism of 
the group ring R[G] by setting F(rg) = F(r)g for all r €E R, g G G. 

Since R is p-adically complete, R[G] is of course also p-adically complete and the 
Jacobson radical of R necessarily contains pR. If {u n ,} is a p-adically convergent 
sequence of units converging to r in i?[Gr], then r will be congruent to u n modulo p 
for large n, and so r is a unit, and hence i?[G] x is also seen to be p-adically complete. 
(See Remark 1.1 in [CPT1].) 

The group i?[G] x = GLi(R[G]) embeds into GL(i2[G]) as diagonal matrices with 
all non-leading diagonal terms equal to 1. We recall Theorem 1.2 of [CPT1]: 

Theorem 1.1. Let R be as in the Standing Hypotheses. The inclusion R[G] X C 
GL(R[G]) induces an equality 

Bet(R[G] x ) = Det(GL(i?[G])) = Det(Ki(i?[G])) 

in the following two circumstances: 

(a) when G is a p- group; 

(b ) when G is an arbitrary finite group, if R is in addition normal. 

For the purposes of this article we shall be particularly interested in the completed 
K-groups 

K i (R[G]) = \jmK i (R[G]/(p n )) 

n 

for i = 1, 2. From Proposition 1.5.1 in [FK] we know that, if all the quotient rings 
R n = R/p n R are finite, then the natural map Ki(i?[G]) — > Ki(R[G]) is an isomor- 
phism. (See also the work of C. T. C. Wall in [Wl] and [W2].) The following two 
results are a generalization of their result. For these we only need to assume that R 
is p-adically complete, i.e that R ~ lim ^ R/p n R: 

Theorem 1.2. Assume that R is a p-adically complete Noetherian integral domain 
with fraction field of characteristic zero. Then the natural map Ki(R[G]) — > Ki(R[G]) 
is an isomorphism. 

Theorem 1.3. Assume that R is a p-adically complete Noetherian integral domain 
with fraction field of characteristic zero. For p n > 2 the reduction map K2 (./?[(?]) — > 
K-2(Rn[G]) is surjective. 

The above leads us to formulate: 

Problem 1.4. Assume R is as above. Let m be an arbitrary non-negative integer. 
Are the reduction maps K m (R[G]) — > K m (R n [G]) surjective? Is the natural map 
~K m (R[G]) —■ K m (R[G]) an isomorphism? 

Remark. By the long exact sequence of K-theory (see for instance (|2.ip in Sect. [2]), 
a positive answer to the first question above is equivalent to the injectivity of natural 
map K m ^(R[G},p n ) -> K m _ 1 {R[G\). 
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Our first result for SK4 concerns the image of SKx (i?[G]) in Ki(R n [G]), which we 
denote by SKi(i?[G]) n ,; for the purposes of this result we again only need R to be 
p-adically complete: 

Theorem 1.5. Assume that R is a p-adically complete Noetherian integral domain 
with fraction field of characteristic zero. If p n > 2, then SKi(i?[G]) maps isomorphi- 
cally onto SK4 (R[G]) n under the natural map Ki(R[G]) — > Ki(R n [G]) . 

The key to our study of SKi(i?[G]) is the group logarithm (see Section 3 in [CPT1] 
for details). Suppose for the moment that G is a p-group. We let I G = I(R[G\) 
denote the augmentation ideal ker(i?[G] ->■ R); let A(R[G\) = ker(i?[G] -4 -R[G ab ]), 
let Cq denote the set of conjugacy classes of G and let <f> : R[G] — >• R[C G ] be the R- 
linear map obtained by mapping each group element to its conjugacy class. We write 
K[(R[G\,I G ) for the image of Ki(R[G\,I G ) in Kx(R[G]). We denote the Whitehead 
group K' 1 (R[G],lG)/Im(G) by Wh G (i2), or Wh G when R is clear from the context. 
Using Theorems 3.15 and 3.17 in [CPT1] we obtain the exact sequence: 
Det(l + J G ) , „ ^ ab ^ R 

lH> Det(G) ^^ lG ^ G ^JT^FjR^ 1 
where ui is the logarithmic derivative map of Proposition 3.18 loc. cit.; using Theorem 
11.11 (a) we obtain the further exact sequence 

1 SK^G]) -> Wh G (R) -+ D p ( ^ ( "^ G) -> 1. 

These two exact sequences may then be spliced together to give the four term exact 
sequence 

(1.3) 1 SKi(R[G\) Wh G (fl) -> 0(J G ) G ab ® z n -> 1. 

(.1 - Jit 

Let fff b (G,Z) denote the sub group of the Schur multiplier /^(G, Z) generated by the 
images under corestriction of the H2(A, Z) for all abelian subgroups A of G, and set 
H2 (G, Z) = H2(G, Z)//7f b (G, Z). We may then use Oliver's construction (see Section 
3 for details) to construct from this exact sequence a map 

(1.4) e R[G] : SK X (i?[G]) -» (8>ff 2 (g,Z). 
We extend Oliver's proof to show: 

Theorem 1.6. For a p-group G and for a ring R, which satisfies the Standing Hy- 
potheses, the map Om G i is an isomorphism. 

In Sections [5] and [6] we extend our results from p-groups to arbitrary finite groups 
G. The formulation of our general result uses ideas from [IV]. We let G r denote the 
set of p-regular elements in G; we let i?[G r ] denote the free i?-module on the elements 
of G r and we let ^ be the i?-module endomorphism of i?[G r ] which is given by the 
rule 

*(£ seGr ^)=£ geG /K 



gj3 P - 
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Let G act on R[G r ] by conjugation on G r ; then the homology group H 2 (G, R[G r ]) is 
defined. We let H 2 h (G, R[G r ]) denote the subgroup of H 2 (G, R[G r ]) generated by the 
images under corestriction of the H 2 (A, R[A r ]) for all abelian subgroups A of G, and 
we set H 2 (G,R[G r }) = H 2 (G, R[G r ])/ H$ h (G, R[G r ]). Then acts, via its action on 
R[G r ], on the groups H 2 (G,R[G r ]), H 2 b (G, R[G r ]), H 2 (G,R[G r }) and we will write 
H 2 {G, R[G r ])v, Hl h (G, R[G r ])y, H 2 (G, R[G r ]) 9 for their groups of covariants. Then 
we have: 

Theorem 1.7. Let G be an arbitrary finite group and let R be a ring which satisfies 
the stated hypotheses, and which in addition is normal. Then there is a natural 
isomorphism: 

@ R[G] : SK^RiG}) ^H 2 (G,R[G r ]h. 

To analyze the right-hand side further we let {Cj}ieJ denote the set of G-conjugacy 

classes in G r , let gi be a chosen group element in Cj and set Gi denote the centralizer 

G IG 

of gi in G so that we have a disjoint union decomposition G r = \ We next 

consider the action of on the {Cj}jg/. We may view this action as an action on 
/, and we let J denote the set of orbits of ^> on /. For j € J we let nj denote the 
cardinality of j; we then obtain a further disjoint union decomposition 

rij 

jeJ m=l 

where ij denotes a chosen element of the orbit j and the conjugacy class of gi- lies in 

In Appendix B, we show that this decomposition affords the explicit description: 
Corollary 1.8. Under the assumptions of the above theorem we have 

SKi(R[G]) - H 2 (G,R[G r ])v = 0[tf 2 (G 4j ,Z) (g) j— ]■ 

3 

Corollary 1.9. Given two rings R C S which satisfy the conditions of Theorem 
\1. 7| and which have compatible lifts of Frobenius (so that the restriction of F$ to R 
coincides with Fr), then the natural map SKi(i?[G]) to SKi(5[G]) is surjective, resp. 
an isomorphism, if the natural map 

R S 
(1 - F R )R ~* (1 - F S )S 

is surjective, resp. an isomorphism. If this map is injective with torsion free cokernel, 
then the map SKi(R[G\) to SKi (£[(?]) is also injective. 

Let W denote the ring of integers of a finite non-ramified extension of Q p and let 
F denote the Frobenius automorphism of W. An explicit formula for SKi(W[G]) was 
given by R. Oliver in his series of papers [01-4]; see also [05]; thus Theorem 11.71 is a 
generalization of Oliver's result. 
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We now extend F to the power series ring W[[i]] in an indeterminate t by setting 
F(t) = t v . Since (1 — F)(tT4 / [[t]]) = iW[[i]] we see using the above corollary that for 
any finite group G the inclusion W C W[[i]] induces an isomorphism 

(1.5) SKi(W[G?|)^SKi(W[[t]][G]). 

(see Proposition 5.3 in [Wi]). We also consider 

Wdr 1 )) = hm(W[t- 1 ]/p n W[t- 1 ]), W{{t}} = l\m(W((t))/p n W((t))) 

n n 

with similarly extended Frobenius. In Appendix B, we also show that Corollary 11.91 
implies: 

Corollary 1.10. With the above notation the inclusion W^t^ 1 )) C ^{{i}} induces 
an isomorphism SKi(W((t" 1 ))[G]) SK^W {{t}}[G}) . 

Corollary 1.11. With the above notation the inclusion W[[t]] — > W{{t}} induces an 
injection SKi (W[[t]][G]) ^ SKx(W{{t}}[G}). 

These results play an important role in the proof of the adelic Riemann-Roch 
theorem of [CPT2]. 

Acknowledgement: The authors would like to thank Otmar Venjakob for useful 
discussions. 

2. General results for Ki 

Let S denote an arbitrary unitary ring. Throughout this section / will denote a 
2-sided ideal of S, which is contained in the Jacobson radical of S; let S = S/F 
Recall that if v G S x , j G I, s, t G S then v + sjt G S x . Let M n (S) denote 
the ring ofrexn matrices with entries in S and let M n (7) denote the 2-sided ideal 
of M n (S) of matrices with entries in /. We set M(J) = lim ^ M n (J), and we write 
1 + M(I) = lirn n (l + M n (J)). Note that for a matrix x G 1 + M n (I) since all its 
diagonal entries are units, by left and right multiplication by elementary matrices, we 
can bring x into diagonal form with unit entries; thus x is invertible and so 

1 + M(7) = GL(5, /) d = n ker(GL(S) -> GL(5)). 

Note that GL(5) maps onto GL(5), since given x G GL n (5) with inverse y, then for 
lifts x, y G M n (S) we have xy G 1 + M n (J) and so x is invertible. 

Lemma 2.1. Suppose we are given two rings A, B and a surjection q : A — >■ B, with 
the property that I = Ker(q : A — > B) is contained in the Jacobson radical of A. Then 
the map q* : Ki(^4) — > Ki(B) is surjective and kerg* is generated by the image of 
GL(A,I). 



Proof. The first statement follows from the above fact that the induced map GL(A) — > 
GL(i?) is surjective; the second part is standard - see for instance Theorem 2.5.3 page 
93 in [R]. □ 
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We recall the long exact sequence of K-theory (see for instance page 54 of [M]) 

(2.1) K 2 (S) -> K 2 (S) -»■ Kx(S,I) ->• Ki(5) A Ki(S) -»• 1 

with g surjective since GL(5) maps onto GL(5). We let E(S,I) denote the smallest 
normal subgroup of the group of elementary matrices E(S) containing the elementary 
matrices e,j(a) with a £ I. Then we know (see for instance page 93 in [R]) 

GL(g,J) 

Kl{SJ) --z(sjy 

We shall write K' 1 (5',J) for the image of Ki(5, J) in K^S). Note that K 2 (5) -> 
K^S") is surjective, if and only if, the map Ki(5, /) -4- Ki(S') is injective; and this is 
equivalent to the equality 

(2.2) GL(S,J)nE(5) = E(S,J). 

Recall also from [R] loc. cit. that E(S,I) is a normal subgroup of GL(5) and 

(2.3) [GL(5), E(S, I)] = [E(S),E(S, I)} = E(S, I). 

We shall write ks for the map from S x to Ki(5) given by mapping u € 5 X to the 
diagonal matrix which is u in the first position and 1 in all other diagonal entries and 
then composing with the map GL(S') — > Ki(5). 
From Lemma 2.2 in [CPT1] we quote: 

Lemma 2.2. (a) [GL(5), 1 + M(J)] = E(S,I). 

(b) Given g € Gh(S,I), there exist e\, e 2 S E(S,I), and x € 1 + / such that 
g = ei5(x)e2 where 5(x) is the diagonal matrix with leading term x and with all 
non-leading diagonal terms equal to 1; hence in particular 

GL(5,7)C(E(5,/),(1 + /)) 

where we view 1 + I C 5 X C GL(5, 1) as previously. Thus, if we write kj for the 
natural map from GL(S,I) to Ki(S,I), then ki(1 + I) = Ki(S f , I). 

From 45.12 on page 142 of [CR2] we know: 

Proposition 2.3. If S is a commutative semi-local ring, then SKi(«S) = {1}. 

2. a. Proofs of Theorems 11.21 11.31 and 11.51 In this subsection we assume only 
that R is p-adically complete. We let SL(i2[G]) denote the subgroup of elements in 
GL(i?[G]) which are trivial under Det; more generally for a two-sided ideal I of R[G] 
we define 

SL(R[G],I) = SL(R[G\) n GL(R[G],I). 

We fix an ordering of the elements of the group; G = {gi, g q }. We start this 
subsection by showing: 

Theorem 2.4. E(R[G]) is p-adically closed in GL(R[G}) and for p k > 2 

(2.4) SL(R[G],p k ) = E(R[G],p k ). 
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Proof. Urn > 1, we let E m (R[G]) denote thep-adic closure of E m (R[G}) in GL m (R[G]). 
We begin by showing that in order to prove E m (R[G]) = E m (R[G]) it will suffice to 
show that for some integer k with p k > 2 we have SL m (R[G],p k ) = E m (R[G],p k ). To 
this end we first observe that we will have E m (R[G]) = E m (R[G]) if we can show 

E m (R[G],p k ) = GL m (R[G},p k )nE m (R[G}); 

this is because if we are given x G E m (R[G]), then, as E m (R[G]) is dense in E m (R[G]), 
we can write x = eg with e G E m (R[G]) and g G GL m (R[G],p k ) n E m (i?[G]). Since 

SL m (ii[G],p fc ) D GL m (i?[G],/)nE m (fi[G]) D E m (i?[G],/), 

by the above we now see that in order to show E m (R[G]) = E m (R[G]) it will suffice 
to show that SL m (R[G],p k ) = E m (R[G],p k ). 

It is enough to show SL m (R[G],p k ) C E m (R[G],p k ); i.e. given x G SL m (R[G],p k ) 
we want to show we can write x as a finite product of elements in E m (R[G],p k ). 
We first note that as in [CPT1] Lemma 2.2.b given such an x we can find e, e' G 
E m (R[G],p k ) so that we can write x = ede' with d G (1 n ker(Det). The 

proofs of Proposition 2.4 and Lemma 2.5 in [CPT1] apply under the hypothesis p k > 2. 
By the last line in the proof of Lemma 2.5 in [CPT1] we have: 

Lemma 2.5. Suppose that p n > 2. Given x G (1 + p n R[G\) CI ker(Det) we can /ind 
Aj >n G -R[G] so t/iat 

x = IT 1 [ft, 1 + p n A 4 ,„] mod p n+1 i?[G]. 

(Here such products, which in the sequel are not generally commutative, are to be 
taken in the specified order.) 

Remark. The hypotheses on n and p imply that for any A G R[G] we have the 
congruence 

log(l + p n \) = p n \ mod p n+1 

which is used throughout the proof of Lemma 2.5 loc. cit.. Note that we also need 
the commutator congruence for h G G, A, A' G R[G] 

[h, 1 + p n X][h, 1 + p n \'\ = [h,l + p n (X + A')] mod p n+1 . 

Lemma 2.6. For x,y,z G -R[G] X we have the standard commutator relation 

[z,yx] = [z,y][z,x] y 

Proof. We note that 

[z, y][z, x] y = zyz~ 1 y~ 1 yzxz~ 1 x~ 1 y~ 1 = zyxz~ 1 x~ 1 y~ 1 = [z,yx]. 

□ 

Lemma 2.7. For A, /i G R[G] and p n > 2, m > 1 we have the congruence 
(1 + + p m A)(l +p» = (1 + P m \) mod p n+rn R[G] 

and so 

(1 + p m X)(l + + p m X)- 1 = (1 + p™^) mod p n+m R[G]. 
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Proof. This follows at once from the congruence 

(1 + p m X)(l + p» = 1 + p> + p m X = (1 + p»(l + p m \) mod p n+m R[G] 

and the fact that 1 + p n \x and 1 + p m X are units. □ 

Proof of Theorem \2.4\ We have supposed that p k > 2. Suppose that x belongs to 
(1 +p k R[G\) nker(Det). We shall show that we can write x = n?=ib«; 1 + P k ^i] with 
fii € i?[G]. By Lemma 2. 2. a in [CPT1] we know that each of these commutators is 
an element of E(R[G],p k ), and so we shall be done. 

For p n > p k we inductively suppose that we have written 
ri 



x 



\ \ gi , 1 +p k iM, n ] mod p n+1 R[G] with Mi , n e R[G}. 



(Note that we can use Lemma 12.51 to start the induction.) By Lemma 12.51 above we 
can write x ■ [g q , 1 +p k fi q ,n]~ 1 • • • [gi, 1 + pVi,n] _1 as 

IT , l9u l+p n+1 Kn] mod p n+2 R,[G] 
and so now we have written 

x = lT i=1 [9i, 1 +P k tH,n] lT j=1 [9j, 1 +P n+1 ^j,n] mod p" +2 ^[G]. 
We then apply Lemma 12.71 to note that for all with 1 < i, j < q we have 

[9i, 1 + /Xn]fe, 1 + P n+1 A J)n ] = [9j, 1 + P^A^n]^, 1 + pVi,n] mod p n+2 #[G] 
and by Lemma 12.61 we see that for all i with 1 < i < q we have 

[ 9i , (1 +pVi,n)(l +p n+1 A j5 n)] = [ft, (1 +pVi,n)][5i, (1 + P^ 1 ^n)]^ 

= [g u 1 +p k fii, n ][gi, 1 +p n+1 A ijn ] mod p n+2 R[G\. 



We then define 
so that 



1 +pVi,n+l = (1 +pVi,n)(l +p n+1 Aj>) 



x = IT 1 l9i, 1 + ?>Vi,n+l] mod p n+2 it![G] 
which completes the inductive step. To conclude we note that for each i the sequence 
{l-H,n}n is a convergent sequence. □ 

Proof of Theorem \1.3l By the discussion prior to equation (|2.2h we know that the 
reduction map K2 (i?[G]) — >• K2(i? n [G]) is surjective if 

SL(fl[G],p n ) n E(i?[G]) = E(i?[G],p n ) 

and this follows at once from Theorem 12.41 above. □ 



Proof of Theorem \1.5l We must show that for p n > 2 the map 9 n : SKi (i?[G]) — >• 
SKi (i?[G]) n is injective, since by definition n is surjective. If x G ker# n then by 
Lemma 12.21 (b) we may write x = k(x') with x' G (1 + p n (i?[G])) D ker(Det) C 
SL m (i?[G],p")=E m (i?[G],p"). □ 

Proof of Theorem EH By the Bass Stable Range Theorem (see for instance 41.25 
in [CR2]) we can find a sufficiently large integer m with the property that the map 
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GL m (R[G]) to Ki(R[G]) is surjective. Choose a positive integer n with p n > 2. Recall 
that by the remark prior to (|2.2p and by Theorem 12.41 we know that the relative K- 
group Ki(R[G],p n ) maps injectively into Ki(R[G]). We have an exact sequence 

1 -> E m (R[G),p n ) -> GL m (i?[G],p re ) -> Kx(i?[G],^) -> 1 

which yields (see the exact sequence (|2.ip ) 



E m ( J R[G]) GL m (i?[G]) , 

1 E m( fi[G],^) GL m (i?[G],p n ) Kl ™ G]) 1 
and by taking inverse limits, noting that for n > j the morphisms 

E m (R[G}) E m (R[G}) 
E m (R[G],p n ) E m (R[G],p>) 

are surjective, so that the Mitag Leffler condition is satisfied, we get the exact sequence 

But by Theorem 12.41 we know that hjn^ E m (i?[G])/E m (i?[G],p n ) is just the p-adic 
closure E m (R[G]) and that this, in turn, coincides with E m (i?[G]). Hence we have 
shown 

□ 



3. p-GROUPS 

Throughout this section G denotes a finite p-group and the ring R satisfies the 
Standing Hypotheses. 

3. a. The group logarithm. In this subsection we very briefly recall the group log- 
arithm which is a fundamental tool for studying the determinants of units of p-adic 
group rings. 

Recall that R is a Noetherian integral domain of finite Krull dimension with field 
of fractions N of characteristic zero, that F denotes a lift of Frobenius on R, and 
that I(R[G]) denotes the augmentation ideal of the group ring R[G] and when R is 
clear from the context we shall write Iq in place of I(R[G]). Because J(F p [G]) is 
the Jacobson radical of the Artinian ring ¥ p [G] , it follows that we can find a positive 
integer m such that I(¥ p [G]) m = 0. Since I(R[G]) =R-I(Z p [G]), it therefore follows 
that 

(3.1) I(R[G]) m C pR[G). 

Define the F-semi-linear map \P : R[G] — > R[G] by the rule that ty(rg) = F{r)g p . 
As in the Introduction eft : R[G] — > R[Cg] denotes the i?-linear map given by sending 
each group element to its conjugacy class. Write \& : R[Cg] — > R[Cg] for the F-semi- 
linear map induced by 
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We define the group logarithm C : 1 + I(R[G]) — > N[Cq] by the rule that for 
x € I(R[G\) 

(3.2) £(l-x) = (p-*)o^(log(l-s)) = 0((p-*)(log(l-x))) 

px n s -^fy(x n ) 



(E 



n ^— ' n 



n>l n>l 

which is seen to converge to an element of iVfC^] by (|3.ip above. Note that the map 
C = Cp depends on the chosen lift of Frobenius F; we shall therefore have to be 
particularly careful when using such group logarithms for different coefficient rings 
which could have incompatible lifts of Frobenius. 
From Lemma 3.2 in [CPT1] we recall: 

Lemma 3.1. For a character x of G and for x E I(R[G]) 

X(0(log(l + x))) = log(Det(l + x)(x)) 

and 

X (C(l + x)) = log[Det(l + x)( PX ) ■ Det(l + F(x))(-^ P x)] 
where ip p denotes thep-th Adams operation on virtual characters ofG, which is defined 
by the rule ip p x{g) = x(d p ) for g € G. □ 

As per Corollary 3.3 loc. cit. from this we may deduce: 

Corollary 3.2. I/Det(l + x) = 1, then 0(log(l + x)) = 0, and so £(l + x) = 1. Thus 
there is a unique map v : Det(l + I(R[G])) — > N[Cq] such that C = v o Det. □ 

The main result for the group logarithm is (see Theorem 3. 4. a in [CPT1]): 

Theorem 3.3. We have £(1 + I G ) C p<t>{Ia) C pR[C G }. 

We now recall a number of results on the images under C of various subgroups of 
1 + I(R[G]). For our first such result we set A(R[G}) = Kev(R[G] -> R[G ah }) and 
note that obviously «4.(i?[G]) C I(R[G]). Then from Theorem 3.5 loc. cit. we have: 

Theorem 3.4. We have C(l + A(R[G])) = p<p(A(R[G\)) . 

We now assume G to be non-abelian; then, since G is a p-group, by considering 
the lower central series of G, we may choose a commutator c = [7, 5] which has order 
p and which lies in the centre of G; it therefore follows that 

(l-c)R[G] cA(R[G]). 

From Lemma 3.8 and Lemma 3.10 loc. cit. we recall: 

Lemma 3.5. For n > 1, if c is a commutator as above, we have £(1 + (1 — c) n R[G\) = 
— c) n R[G]). □ 

If we now assume that c is again a central element order of p but that now it cannot 
be written as a commutator in G, then from Lemmas 3.12 and 3.13 in [CPT1] we 
have the following two lemmas: 
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Lemma 3.6. If c cannot be written as a commutator in G, then multiplication by c 
permutes the elements of C G without fixed points and the kernel of multiplication by 
1 — c on R\Cg\ is generated by elements of the form X^f=o C V(<?) f or 9 ^ G. □ 

Lemma 3.7. Suppose again that c cannot be written as a commutator in G; then 

C(l + (1 - c)I(R[G})) D W>((1 - c)I(R[G})) +p 2 <j)(l - c)R 

and 

P m-c)R[G]) g r 

jC(1 + (1-c)R[G}) (l-F)R + pR 
induced by mapping P (p((l — c)rg) i — > rmodpR for r € R, g € G. □ 

The relative K-group Ki(R[G\,I G ) was defined in Sect. EJ Recall K[(R[G],I G ) 
denotes the image of Ki(R[G], I G ) in Ki(R[G]). We then define the Whitehead 
group Wh(i?[G]) to be K[(R[G], I G ) /lm(G) and the determinantal Whitehead group 
Wh'(R[G]) is defined to be Det(l + I G )/Det(G). From Theorems 3.14 and 3.17 in 
[CPT1] we have the exact sequence 

(3.3) 1 -> Det(G) -4 Det(l + I G ) 4 <j>(I G ) 4 R ® G ab -»■ 1. 

(l - b)R 

where we write v = p~ l v. Recall that by hypothesis SKi(i?) = {1}, and so by using 
the commutative diagram with exact horizontal sequence 

1 -> SKi(i2) -4 Ki(fl) ->■ Det( J R x ) -4 1 

t t t 

1 -> SKi(i2[G]) -> Ki (i2[G]) -> Det(-R[G] X ) -> 1 

we see that SKi (i2[G]) C (i?[G] , I G ) . Noting that the image of G in (R[G] , J(j) C 

Ki(i?[G]) is isomorphic to Det(G), using the snake lemma we get the two exact 
sequences 

(3.4) 1 -»• SKi(i2[G]) -> Wh(E[G]) -> Wh'(i2[G]) -»• 1 

(3.5) 1 -4 SK!(J?[G]) -> Wh(J?[G]) 4 0(/ G ) -4 fl g) G ab -»• 1. 

(1 - t)R 

where T is obtained by composing Det with p~ 1 u. Suppose now that we have an 
exact sequence of p-groups 

AgAg^i. 

Our study of SKi will be based on the detailed study of the two groups 

(3.6) n = ker(a,) =ker(SKi( J R[G]) ^ SKi(i?[G])), 

(3.7) C = coker(a,) = coker(SKi( J R[G]) ^ SKi(it![G])). 
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3.b. SKi for p-groups. 

Lemma 3.8. If G is an abelian p-group, then SK\(R[G]) = {1}. 

Proof. As previously, we know that SKi (R[G]) C K'^iifG], Iq) and so we may assume 
that x G SL(R[G]) has the same image in Ki(R[G]) as x' G GL (R [G], Iq)- Let 
x G SL(i?[G]) be represented by x' G GL(R[G], Iq)- By Lemma [2721 (b) we may write 
x' = e\5e2 with G E(i?[G], Iq), b~ G 1+Ig- Since G is abelian, Det is an isomorphism 
on R[G] X ; since Det(<5) = 1, we conclude that 5 = 1, and so x' G E(R[G], Iq)- □ 

We may therefore henceforth assume G to be non-abelian. As previously we choose 
a central element c of G which has order p and which is a commutator; that is to say 
we can write 

c= [h,g] =hgh- 1 g~\ J> = 1 
and we set G = Gj (c). We define 

B = B(R[G]) = kei(R[G] -4 R[G}) = (1 - c).R[G]. 

From Lemma 4.2 in [CPT1] we recall the exact sequence 

1 -4 Det(l + (1 - c)i?[G]) -4 Det(l + I{R[G\)) -4 Det(l + I(i?[G])) -4 1 

and so and so using Corollary 13.21 (I3.3p . Lemma [3.5l and noting that Det(G) flDet(l + 
(1 — c)R[G]) = {1} (by projecting into G ab ), we get the further exact sequence 

(3.8) -4 p0(B) -4 Det(l + /(i?[G])) -4 Det(l + I(R\G])) -4 1. 

Using the exact sequence 

1 -4 Det(l + /(i?[G])) -4 Det( J R[G] x ) -4 R x -4 1 

first for G, and then with G replaced by G, and using the snake lemma we get 

-4 p0(B) -4 Det(i?[G] x ) -4 Det(i?[G] x ) -4 1. 

Proposition 3.9. (a) The quotient map : SKi(i?[G]) — >• SKi (i?[G]) is surjective; 
(b) let H = H(R[G]) = ker(SKi (R[G]) -4 SKi(i?[G])), tfien 

ft ={k(s) I x G GL(ft[G],S) with Det (a;) = 1}. 

Proof. This follows at once from the commutative diagram 

l-» ft ^4 SKi(i?[G]) ^ SKi(i?[G]) -4 1 

■i- \- -i- 

l-> Ki(i?[G],S) -4 Ki(i?[G]) -4 Ki(ft[G]) -4 1 

■y" 4^ "i" 

l-> Det(Ki(ft[G],£)) Det(Ki(J?[G])) -4 Det(Ki(ft[G])) -4 1. 

Here the middle row is exact: indeed, the right-hand arrow is surjective, as B is 
contained in the Jacobson radical of ft[G]; and the fact that K.i(R[G],B) is equal 
to the kernel of this map follows from (|2.2p . By Lemma 12.21 (b) we know that 
Det(Ki(i?[G],fi)) = Det(l + B) and by <^E) we can identify Det(l + B) with p<j)(B); 
the exactness of the middle row then follows from the exact sequence given prior to 
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the statement of the proposition. Therefore, by the snake lemma, we know that the 
top row is exact, and in particular is surjective. □ 

Next we apply the reduction map Kx(i?[G]) — > Ki(R n [G]) to the exact sequence 

1 -4 n -> SKx(i?[G]) -4 SKi(i?[G]) -»• 1. 

Recall from the Introduction that SKi(i?[G]) n denotes the image of SK\(R[G]) in 
Ki(i? n [G]). Writing % n for the image of % in Ki(i? n [G]), we shall now show: 

Proposition 3.10. The following sequence is exact: 

l^Un^ SKi(i?[G]) n -4 SK^G]^ -4 1. 

Before proving this proposition we first require a preliminary result: 

Lemma 3.11. For brevity we shall write ((1 — c)) and (p n ) for the two-sided R[G]- 
ideals (1 - c)R[G] and p n R[G]. 

fajDet(l + ((l-c)))-W>(((l-c))). 

(b) For n > 1, Det(l + (p n (l - c))) p n+ V((l - c)). 

(c) For n > 2, i/(Det(l + (p n ))) C </>((p n )). 
fdj For n > 2 

i/ o Det(l + ((1 - c))) n v o Det(l + (p n )) = vo Det(l + (p n (l - c))) 

and 

Det(l + ((1 - c))) n Det(l + (p n )) C Det(l + (^(l - c))). 

Proof. First note again that, because — c)) = 1 — c p = 0, it follows that prolog 

coincides with the group logarithm on l + ((l-c)). By Corollary 13.21 we know that 
p ■ (f)o log = v o Det on 1 + ((1 — c)); and so by Lemma 13.51 

Det(l + ((l-c))) ^M(l-c)), 

and for n > 1 the result (b) now follows from Proposition 2.4 in [CPT1] 

Det(l + (p"(l-c)))^^+V((l-c)). 

To see (c) we note that for n > 2 

£(1 -p^) = P x — - {P j ) c ^i?[G G ]. 

m>l m>l 

The result (d) then follows since we know that 

WKCp"" 1 )) n W((i - c)) = p<K(p n_1 (i - c))). 

To conclude, if x € Det(l + ((1 — c))) n Det(l + (p n )) we have = v(y) for some 
y € Det(l+p n_1 (l — c)r), for some r G -R[G]; the result then follows since v is injective 
onDet(l + ((l-c))). □ 
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Proof of Proposition \3.10[ Consider the commutative diagram 

1 -> U -> SKi (R[G\) 4 SKx(R[G]) -> 1 

4- a 4/3 4,7 

1 -> H n 4 SKi (i2[G]) n -4 SK!(^[G]) n 1 

in which, by Proposition 13.91 we know the top row to be exact. By definition i is 
an inclusion map and hence is injective; j is surjective since 7 and q* are surjective; 
clearly j o i = 0. Therefore it remains to show ker(j) C Im(i). For brevity given x G 
GL(i?[G]), we shall write x for its image in GL(R\G]). Now consider x G SKi(i?[G]) 
with j o /3(:e) = 1; then 7(2;) =70 q*(x) = 1 and so we can find Oj, 6, G GL(i?[G]) 
such that 

x = n[aiA]-(l+P n Ai) 

i 

with Ai G M(i?[G]); furthermore by Lemma 12.21 (b) we can find elementary matrices 
dx, d 2 G E(R[G],p n ) and A 2 G i?[G] x so that 1 +p n X 1 = d x (l + p n X 2 )d 2 , where we 
view i?[G] x as a subgroup of GL(i?[G]) in the usual way. Thus we can deduce that 
for some // G M(R[G]) 

x = IJk. • ^i(l +P n A 2 )o!2 ■(! + (!- c)//). 

i 

Using Lemma 12.21 (b) we can write 

l + (l-c)n = ei(l + (1 - c)n')e 2 

with ej G E(i?[G],I) and // G Therefore, taking determinants and using the 

fact that Det(x) = 1, we get 

Det(l + (1 - c)n) = Det(l + (1 - c)n') G Det(l + (p n )) n Det(l + ((1 - c))) 

and Lemma 13.111 shows that we can write 

(3.9) Det(l + (1 - c)n) = Det(l + p n (l - c)^) 
for some ^ G Therefore 

(3.10) l + (l-c)/i = {l+p n {l-c)i)T 

for some element r G GL(i2[G], J) with the property that Det(r) = 1; hence t £ H, 
and so we are done, since (3(x) is equal to the class of i(a(r)) G Im(i), as required. □ 

3.b.l. Some commutator identities. We now need to analyze Hr = H(R[G]) in 
greater detail. The various groups Hr will provide the inductive building blocks 
for SKi(i2[G]) and, by Lemma [231 (b), the elements of SKi (ii[G]) are represented 
by elements of i?[G] x which have trivial determinant but which are not themselves 
products of commutators (in GL(i?[G])). This then leads us to establish a number of 
commutator relations and congruences, which we then use in subsequent subsections. 
All these appear either explicitly or implicitly in Oliver's work (see for example [01]). 
One important point of this paper is that most of these identities from Oliver's work 
(which regards rings of integers in finite extensions of Q p ) continue to hold when the 
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ring R satisfies our standing hypotheses. In what follows, we explain this and also 
reorganize some of the material from Oliver's papers. 

As in the previous parts of this section we continue to suppose that G is a p- 
group. First we suppose G to be non-abelian and, as previously, c denotes a central 
commutator of order p, 

c = [M] = hghT l g~ l 

and we put G = Gj '(c); hence 

(3.11) eg = hgh~ l 

also c = g~ x cg = g~ x hghr x and so ch = g~ l hg. We then note that for n > 0, and 
A 6 R we have 

(3.12) [g-%l-\(g-h) n ] = g~ l h(l - X(g - h) n )h~ l g{\ - \{g - h) 11 )" 1 

= (l-\c n {g-h) n )(l-\{g-h) n )-\ 

Noting the entirely obvious identity in non-commuting indeterminates X and Y 



(3.13) (1 - YX)(1 - X)- 1 = 1 + (1 - Y)X(1 - Xy 1 , 

setting X = X(g — h) n , Y = c n , and observing that (1 — c n ) = (1 + cH \-c n ~ 1 )(l — c), 

we get 

(3.14) [g-% I -\{g- h) n ] = 1 + A(l - c n )(g - h) n (l - X(g - /if)" 1 



so this is now equal to 

1 + n(l - c)[A(<? - h) n + \ 2 (g- h) 2n + X 3 (g - hf n + • • • ] mod (1 - c) 2 . 

We now require two further such commutator congruences, both of whose proofs 
are entirely similar, but which are in fact slightly easier. 
The first is for n > 0. For such n we have 

[h, 1 - A(l - c) n - l g] = (1 - A(l - cY^hgh- 1 )^ - A(l - c)""^)" 1 

and, setting X = A(l — c) n ~ l g and Y = hgh~ 1 g~ 1 in ()3.13p . we get 

[h, 1 - A(l - c) n - l g] = 1 + A(l - cY-\g - hgh~ l ){l - A(l - c)"" 1 ^- 1 

(3.15) = 1 + A(l - c) n g(l - A(l - c)"" 1 ^)" 1 
and if n > 1 

(3.16) = 1 + A(l - c) n 5 mod (l-c) n+1 . 

For the second relation we again take n > and we no longer insist that g and h be 
chosen such that c = [h,g]. We then have 

[h, 1 - A(l - c)»(7] = (1 - A(l - c) n hgh~ l ){\ - A(l - c)^)" 1 

and by the identity f|3. 13|) with X = A(l — c) n g, Y = hgh" 1 g^ 1 , we have 

[h, 1 - A(l - c)" 5 ] = 1 + A(l - c)"( 5 - hgh-'Xl - A(l - c)^)" 1 
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(3.17) = 1 + A(l - c) n (g - hgh- 1 ) mod (1 - c) n+1 . 

3.b.2. Analysis of the group 1~L(R[G]). As always we suppose that R satisfies the 
Standing Hypotheses; note that it is here that we shall use the hypothesis that pR is 
a prime ideal of R. 

We start our analysis of T~Lr = T~L(R[G]) by using the above commutator identities 
taken together with the logarithmic methods of I3.ai 

Recall that Hr denotes ker(SKii?[G] — > SKi (/?[(?])). We shall now analyze Hr by 
means of the following groups c.f. page 203 in [01]: 

X R = ker[(l + (1 - c)R[G]) 4 Ki(fl[G])] 

Jn, R = ker[(l + (1 - c) n R[G\) % Det(i?[Gf)] 

where the map a is induced by the map GL(R[G]) — >• Ki(i?[G]) and a n is induced 
by the determinant. We shall frequently write Jr for J\r. Obviously we have the 
inclusion Xr C Jr. When the ring R is clear from the context we shall just write X, J 
in place of Xr, Jr. Recall that N denotes the field of fractions of R. 

Lemma 3.12. Define 

$G = {g £ G | c m g are all conjugate to g for all < m < p} 

and let Dq denote the set of conjugacy classes <f>{So). Then, for n > 1, the kernel of 
4> : (1 — c) n N[G] — > N[Cg] consists of the N -linear span of the following two kinds of 
element: 

(Type 1) (1 - c) n g for g € S G ; 

(Type 2) (1 - c) n (g - hgh~ l ) for g,heG. 

Proof. Suppose that n > 1, as in the statement of the lemma. The central subgroup 
(c) of order p acts naturally by multiplication on the conjugacy classes Cq. Thus 
N[Cg] is a permutation N (c)-module, and as such it is isomorphic to a direct sum of 
copies of iV (c) (on which (1 — c) n acts faithfully, since N has characteristic zero) and 
a sum of copies of ./V on which (1 — c) n acts as 0. The latter summands form exactly 
the iV-linear span N[Dg] of Dq. We conclude that for every \i € N[G] there is an 
element A € iV[<Sc] such that the image (fi(fi — A) of fx — A in N[Cq] is annihilated by 
(1 — c) n if and only if — A) = 0. We have 

(1 - c ) n n = (1 - c) n (fi - A) + (1 - c) n A 

where 0((1 - c) n A) = 0. Thus <p{(l - c) n fi) = if and only if 0((1 — c) n (/z - A)) = 
(1 — c) n (f>((fi — A)) = 0, and this forces </>(/z — A) =0. Thus fi — A is an A^-linear 
combination of elements of the form g — ghg~ l with g, h € G, and this implies the 
lemma. □ 

Remark. In the sequel we shall write 

Tr,i = R 9, T R)2 =J2R{9- hgh~ l ). 
g&S G g,h 
We refer to the former as elements of Type 1 and the latter as elements of Type 2. 
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Proposition 3.13. For n > 1 

J n = {uel + (1- c) n R[G] | <f> o log(«) = in N[C G }}. 

Hence, by Lemma \3.l2\ J n is the set of those u 6 1 + (1 — c) n R[G] with the property 
that logu is of the form (1 — c) n £ with £ a sum of R-linear multiples of elements of 
Types 1 and 2. 

Proof. Using Lemma [3 .51 and reasoning as in the first line of the proof of Lemma [3. Ill 
we have a diagram 

1 + (1 -c)R[G] ^ Det(l + (1 - c)R[G]) 

<K(l-c)R[G\) 

where the diagonal map is o log and where the induced map v = -v is an isomor- 
phism. Thus ker(0 o log) = ker(p<^> o log) = ker(Det), as required. □ 

Lemma 3.14. We have H = J /I. 

Proof. (See page 205 in [01]). We note again that by Lemma 12.21 (b) we know that 
SKi (i?[G]) is contained in the image of Kmg]- For brevity we again write ((1 — c)) for 
the ideal (1 — c)R[G] and we consider the commutative diagram: with exact rows: 

1 -> 1 -»• l + ((l-c)) 4 k Ig (1 + I(R[G})) KI -(1 + I(R[G})) -> 1 

y v ~i~ 4* 

1 ^ J -> (l + ((l-c))) ^ Det(l + /(i?[G])) -> Det(l +/(i?[G])) -> 1. 

The exactness of the top row follows from the exactness of the middle row in the 
diagram of the proof of Proposition 13.91 using Lemma 12.21 (b) to identify 

K R[G] (R[Gr) = K.iRlG]), K m (R[G] x ) = Ki(i?[G]). 

The second row is exact by (|3.8p . We then split the long exact sequences up into short 
exact sequences and apply the snake lemma to the left-hand short exact sequences to 
get 

J/1 = ker(Im(a) -> Im(ai)); 
while by the right-hand short exact sequences we get that 

ker(Im(a) — > Im(ai)) = H. 

□ 

We now analyze the groups I and J by means of nitrations. We will show: 
Lemma 3.15. For n > 2 

(3.18) Xn(l + ((l-c) n )) = l 7D(l + ((l-c) n )) mod ((l-c)) n+1 . 
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Proof. (Note that this proof is very similar to that of Theorem 11.51 with the role of 
p n replaced by (1 — c) n .) 

We show (|3.18p for all n > 2. The inclusion C results from the fact that I C J . 
Conversely, to show the inclusion D, we consider a typical generator u of J n (1 + 
((1 — c) n )). Note that since n > 2 we know 

log(u) = u - 1 mod (1 - c) n+1 . 

We wish to show that u £ I mod ((1 — c)) n+1 . Since Det(n) = 1, by Proposition 13. 131 
we know that we can write 



log(«) = " c T9i + E j m ^ " c ) n ^' " ft i ) 

where rij, rrij E i?, the former latter right hand terms are of Type 1 and h £ G so 
that the latter right hand terms are all of Type 2. Thus for some ki € G we have 

= c. 

We therefore have shown that 

u = 1 + ^.n»(l - c) n 5i + mj(l - c) n (hj - h l j) mod (1 - c) n+1 

and so we have shown that we have the congruence mod (1 — c) n+1 

u = us 1 + Ei n ^ - c ) n ^) n/ 1 + ^ - c ) n (^- - h ) ))■ 

Now by (|3.16p . since 
we know that 

[fci, 1 - m(l - c) n - 1 g t ] = 1 + m(l - c) n gi mod (1 - c) n+1 

[l+ mj (l -c) n hj, Ij 1 ] = (1 + mj(l- 0)^)1^(1 +m j (l-c) n h j )- 1 l j 
(3.19) = (l + m j (l-c) n h j ){l-m j ( y l-c) n h 1 ^) mod (1 - c) n+1 

= (1 + mj(l - c) n (/ij - mod (1 - c) n+1 

and so 

u = JJ.[fei, 1 - - c)™" 1 ^] [J.[l + m,(l - c)"^, ZT 1 ] mod (1 - c) n+l . 

This then shows that u € I mod ((1 — c)) n+1 as required. □ 
In summary, if we let I, resp. J, denote the image of X, resp. J , in 

(l + ((l-c))) mod((l-c) 2 ), 

then, by Lemma 13.151 the above shows that 

(3.20) H J/f . 
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Next we analyze the groups X and J via logarithmic methods in order to evaluate 
the right-hand term in (|3.20p . We begin by analyzing J and then follow this with an 
analysis of X. 

From Lemma 3.6 in [CPT1] we quote the elementary congruence: 

Lemma 3.16. We have (1 — c) p = —p(l — c) mod p(l — c) 2 . 

We write R = R/pR. Note that for any r € R[G], if (1 — c)r = 0, then r is a 
multiple of X]n=o c ™ • Using this and the above lemma we have the two commutative 
diagrams with exact rows 



(1 - c)p- 1 R[G] -> R[G] R[G}/((1 - c)) ^ 

t t_ t 

-> (1 - c)P~ l R[G] -> (l-c)R[G] -> (1 - c)H[G]/(l - c) 2 -> 0, 

and 

-> (1 - c) 2 R[G] -> (1 - c)i2[G] -)• (1 - c)i?[G]/(l - c) 2 7![G] -»■ 

t t t 

(1 - c) 2 R[G] -> (1 - c)i?[G] -}> (1 - c)i?[G]/(l - c) 2 i?[G] -> 

t t 
(1 - c) p R[G] = (1 - c)pi2[G] 

which afford isomorphisms 

l + (l-c)R[G] „ (l-c)R[G] ^r nm , n p) 
1 + (1 - cYR[G] - (1 - c) 2 i?[G] = m ° d (1 " C) ' 

and we refer abusively to the latter isomorphism as "(1 — c)^ 1 ". 
We then define L to be the composite map 

T _ 1 + (1 - c)R[G] „ (1 - c)fl[G] ^ „, u* p [r]/n , n Ir , 
L • 1 + (1 - cYR[G\ = (1 - cYR[G] = R[G]/{{1 ~ C)) -> fl[Col/(1 " c)i?[Cc] - 

We next consider the scaled logarithm map 

a : (i^ffr^)) ^]/(i - c)S[c ]. 

given by the rule: 

A = (f> o (1 — c) -1 o log = (1 — c) _1 </> o log 

where A(l + (1 — c)x) = cj) o (1 — c)" 1 o log(l + (1 — c)x) mod ((1 — c),p). 
We now obtain 

(3.21) A(l + (1 - c)u) = (f)(u) - <j)(u p ) = (j)(u) - * o mod ((1 - c),p) 
so that, using the map L defined above, we can view A as the composite 

(3 - 22) A : it(i-c)^m ~^ * [Cg] mod (1 - c) ^ * [Cg] mod (1 - c) - 
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Proposition 3.17. For brevity we write T\ and T<± for Tri and Tr2 which were 
defined after Lemma \3.1S\ and let T{ denote Tr^ mod p. Assume that c is a central 
element of order p which is a commutator of G; then 

(a) H * J/1 = X(J)/X(1) ; 

(b) X(J) = 0(lm(l - *)R[G\ n (fx + f 2 )); 

(c) X(J) = Im(l - ¥)R[C G ] n R[D G ) . 

Proof. We start by observing that as per the reasoning in Lemma 13.121 

ker(L) = 1 + (1 - c)T R>2 mod (1 - c) 2 . 

Indeed let 1 + (1 — c)r denote an element of kerL, so that 

(f)(r) = p( j)(a) + (1 - c)<p(b) 

for some a, b G i?[G]. By Lemma 13.161 for some u S R(c) x we have 

(1 -c)(r-pa-(l- c)b) = (1 - c)r - (1 - cfua - (1 - cfb 

and so if we let r' = r + (1 — c) p ~ 1 ua+ (1 — c)b, then (1 — c)r' = (l — c)(r—pa—(l — c)b) 
and so we see that (1 — c)r and (1 — c)r' represent the same element in the domain 
of L, and moreover 

0((1 - c)r') = 0((1 - c)(r - pa - (1 - c)b)) = 0. 

Therefore by Lemma 13.121 we know that (1 — c)r' may be written as an iidinear 
combination of elements of Sq and and terms of the form g — hgh^ 1 for g,h € G; and 
so we are reduced to the case where r' is a linear sum of elements in Sq and it then 
follows that 

</>(r') mod p G R[D G ] n (1 - c)R[C G ] = (0) 

and so r 1 is indeed a sum of terms in Tr^. 

Next we note that since 1 — ^ is the identity on (1 — c)R[Cg] we have the equalities 

ker(R[C G ] mod (1 - c) ^> R[C G ] mod (1 - c)) = ker(l - * : i?[C G ] -»• fi[C G ]) 

= ker(l - * : R -> R) = ¥ p 

with the penultimate equality holding because is nilpotent on the augmentation 
ideal I(R[G] and with the final equality holding because, by hypothesis, R is an 
integral domain of characteristic p. First note that since c is a commutator, Det(c) = 
1 and so c G J. The above shows that ker(A)/ ker(L) identifies with the F p -line 
(c) mod (1 — c) 2 and so we have now shown that 

ker(A) = 1 + (1 - c)T^ 2 + (1 - c)¥ p mod (1 - c) 2 . 

Moreover, by f)3. 19|) and (|3.22p we know that 1 + (1 — c)T-^ 2 C I. And also, since 
c is a commutator, we know 1 + (1 — c)¥ p mod (1 — c) 2 = (c) mod (1 — c) 2 C I; 
hence ker A C I, and therefore we have an isomorphism 

J/1 = X(J)/X(T) 
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which together with (|3.20p proves (a). 

Recall also that in Lemma [3.12l £V; was defined as the subset of conjugacy classes in 
Cq which are fixed under multiplication by c. Consider l + n(l — c) mod (1 — c) 2 G J . 
By Proposition 13.131 we know that 

log(l + u(l - c)) = (1 - c)(a + &) mod (1 - c) 2 
for £i G Trj; while by (|3.22j) we know 

log(l + u(l - c)) = (1 - c)(u - v?) mod (1 - c) 2 ; 
hence we have shown: 

c ^ ((l - *)S[G] n (Ti + r 2 )) . 

To complete the proof of (b) it remains to prove the inclusion D. Suppose now we 
are given u G R[G\, n G T\ + T2 with 

u - *(u) = n G Im(l - ^)7![G] n (fi + f 2 ). 

It follows from flgjZgp that 

(3.23) log(l + (1 - c)n) = (1 - c)n + (1 - c) 2 e 

for some e £ R[G]. By Lemma 13.51 using the argument in Lemma 13.111 we see that 
C and pep ° log coincide on 1 + (1 — c)R[G] (see for instance Lemma 3.8 of [CPT1]), 
and we know that we can find / G R[G] such that 

(3.24) <j> o log(l + (1 - c) 2 /) = ^((1 - cfe). 

If we set x = (1 + (1 — c)u)(l + (1 — c) 2 /) -1 ; then, firstly, we note 

(p o log(x) = 4>((1 — c)n) 

and so \{x) = 4>{n) mod (1 — c). Secondly, as n G T1 + T2, it follows that </>((l — c)n) = 
0, and so by (|3.22|) we deduce that 

4> o log(x) = 0((1 — c)n) = 0. 

But we have seen previously in the proof of Lemma 13.111 that 

ker(</> o log) = ker(Det) on 1 + (1 - c)R[G]. 

It therefore follows that Det(x) = 1, and so x G J , as required. 

Finally, in order to prove part (c), we must show that the right-hand expressions 
in (b) and (c) coincide. The inclusion of the right-hand side of (b) in the right-hand 
side of (c) is obvious. Conversely, given x G (1 — ^it^Cc] C\R[Dq] we may write it as 

X = (1 — \P) m "yl = ns ^ 

7ec G SeD G 
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with m 7 , ns G R. We then choose group elements 7', 5' G G with the property that 
<KY) = 7' 0(^0 = <^ an d observe that for some G i? 

y d i n (1 - *) ^m 77 ' = £> a £' + £^(5 - M^ 1 ); 

hence y G (1 — *)i?[G ! ] fl {T\ + T2); and, so by construction, we have <j)(y) = x. □ 

Corollary 3.18. If c is not a commutator, then Dq is empty and we see that = 
0, and so in this case the map SKi(i?[G]) — > SKi(R[G]) is injective. (C.f. Proposition 
7 in [01].) 

Proof. If c ^ [G, G] then Dq is empty and so we are done by Prop. 13.171 (c) above. 
Hence, by Prop. I3.17[ H is trivial and so, by the very definition of H, the map 
SKi(i?[G]) -> SKi(E[G]) is injective. □ 
We now have the following straightforward generalization of Lemma 8 in [01]: 

Lemma 3.19. If c is a commutator, so that we can write c = [g,h] for g, h G G, 
then for any r G R = R/pR: 

(i) r(g — g k ) G A(Z) for any integer k prime to p; 

(ii) (r-rP)geX(l); 

(Hi) for g, h as given with h G Sg, r{g — h) G A(I). 

Proof. First we note that by restricting to the subgroup generated by g, h we may 
assume that G is abelian; note that in this case the set 5 = So contains no p-th 
powers. 

Let A denote the F p -vector space 
(3.25) A = X(T) + J2 HS Rm 

and note that of course this is an internal direct sum, as X(Z) C X{J) C R[Dg]. 

In order to prove the lemma we claim that it suffices to show that the 3 types 
of term, stated in the lemma, lie in A and all have trivial projection into the right- 
hand factor of the direct sum (|3.25|) . We demonstrate this is indeed the case by 
showing that each of the three terms lies in R[Dg]- By hypothesis c = [g,h], and so 
c = ghg~ l h~ l and hence c _1 = hgh^ 1 g^ 1 . Therefore 

c- x g = h g and c~ k g k = h g k ; 

therefore, for k coprime to p, we know that g k G S. This then shows that the terms 
listed in (i) and (ii) lie in R{Dq], and then same is true for the terms in (iii) since we 
are given h,g G S. 

To conclude we must now show that each of the three types of element listed in the 
lemma belongs to A. For an element jgGwe write g for the image of g in G. (Note 
that this is different to the notational convention used by Oliver in [01].) Thus, as 
above, we know that the subgroup of G generated by g p , h p is abelian and central. 
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Proof of (iii): From identity (|3.14|) we know that for any n > 0, fi € R 

(3.26) [g^h, 1 - fi(g - h) n ] = 1 + n(l - c){M<? - h) n + ^{g- h) 2n • • • } mod (1 - cf . 

As we have seen above, we may drop p-th powers and so consider only the n coprime 
to p and thereby get that 

{^g-h) n + ^{g-h) 2n + ...}eK. 

Note first that cj)(g — h) p = <fi(g p ) — <p{h p ) in R[Cq\ and so lies in J2k^s R4>{k)\ next, 
since (g — h) N = in R[G] for N » 0, we may argue by downwards induction to 
get that n(g - h) n € A for all n > 0. 

Proof of (i): As above we know that for k coprime to p we can find an integer m 
so that we have the equality 

(3.27) [h m ,g p+k ] = [h m ,g k ]=c 
Using part (iii) above, we know that for any fc>0we have 

(3.28) - gP) = fi(g k - h m ) - M<f +fc - h m ) € A 
and this implies that for any r > p we have 

(3.29) ii 9 {i - g y = m(i - g y-v(i - g y = w (i - g y- p {\ - <?) e a. 

So for any r > 1 

[h-\i+fi(i- g y] = {i + ^\i-gyh){i + ^i- g yr l 
= (i + ^i-cgyyi + ^i-gyy 1 
= (i + mi - g) r - Mi - a) r + m(i - c 9 yyi + mi - gyr 1 
= i + (Mi - c g y - mi - #)(i + m(i - ^T 1 - 

Writing 

(1 - = ((1 - g) + 5 (1 - c)) r = £ (1 - 5 rV (1 - c)< 

i=0 ^ ' 

we get 

[tt\ i + Mi - gf] = i + Mi - c)(i - 5 r ^[i - m(i - gY]- 1 mod (i - cf. 

Omitting p-th. powers, as previously, we suppose that r is coprime to p and get that 

(3.30) W (i - gy- 1 - MsU - g? r ~ x + /A?(i - 5) 3r " 1 + ■ ■ ■ e A. 

Now by (|3.28p above we already know that for ir — 1 > p we have Mff(l ~~ g) lv ~ l £ A, 
and so, again by downwards induction, we get 

(3.31) M r<?(l - ff) 5 "- 1 = M r<?(l - 5 ) r ~ 2 (l - <?) G A 
for all 2 < r < p — 1 and hence 

W = = • • • = /V" 1 mod A. 
The result then follows by (|3.28|) and so fj,(g — g k ) £ A for any k coprime to p. 
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Proof of (ii): When we take r = 1 in f|3.30j) above we get 

M - fi 2 g(l -g) + ^g(l - gf + • • • + ^g(l - gf" 1 G A. 
By part (i) we get 

ng + pfgil-g)*- 1 = w + n p (g + g 2 + ■ ■ ■ + g^ 1 ) 

= fig- ^g + M p ((3 2 -$) + ••• + Of" 1 ~ g)) G A- 

By part (i) we know fi p {g — g k ) G A for each 1 < k < p — 1 and so (/i — /i p )<? G A, as 
required. □ 

The following is a straightforward generalization of Theorem 1 in [01]: 

Theorem 3.20. With the above notation %{R[G]) = ker(SKi( J R[G]) -> SKi (-R[G])) 
is generated by the elements exp(r(l — c)(g — g')) for elements g, g' G Sq- 

The following follows easily from the above theorem by arguing by induction on 
the order of the group G (see Proposition 9 in [01] for details): 

Proposition 3.21. If G contains a normal abelian subgroup A with the property that 
G/A is cyclic then SKi (R[G]) = {!}. 

3.c. Oliver's map Q R[G] . Recall that Wh(R[G]) and Wti(R{G]) were defined inlBTal 
and were shown to sit in exact sequences (see (I3.4p and (13.5H ) : 

(3.32) 1 -> SKi(R[G\) -> Wh(R[G\) -> Wh'(i?[G]) -> 1 

(3.33) 1 -> SKi(i2[G]) ->• Wh(i?[G]) ^> 0(I G ) -> fl G ab -> 1. 
Suppose now that we have an exact sequence of finite p-groups 

i4ff4G4G->i. 

Our study of SKi will be based on the detailed study of the two groups 

(3.34) JC = ker(a*) = ker(SK 1 (i?[G]) -> SKi(fl[G])), 

(3.35) C = coker(a») = coker(SKi(i2[6])-)-SKi(i2[G])). 

The above exact sequence (13.33|) affords a commutative diagram with exact rows: 
(3.36) 



1 - 


» SKi(i?[fi]) - 


> Wh(i?[iJ]) ^> 




► i?F § 




* 1 




I 


4 




| 1 C 


?U ab 




1 - 


+ SKi(i?[G]) - 


> Wh(R[G}) % 






5G ab - 


■> 1 




| a* 


| Wh(a) 




IK 






1 - 


■> SK^iifG]) - 


> Wh(i?[G]) ^ 






5G ab - 


* 1 



where we write Rf = R/ (1 — F)R for the covariants of the action of F on R. 
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Reasoning as in the snake lemma, we obtain a map 
(3.37) A = 'Wh(a) o T- 1 o <j>U) o wT, 1 " : ker(l ® L ab ) -»■ C. 

Next we consider the following two subgroups of G 
H = H (~l [G, G] 

Hi = (heH\h= [51,32] for gi,g 2 G G 

that is to say H\ is the subgroup of H which is generated by G commutators which 
lie in H; so that obviously [H,H] C H\ C Hq. We write K a for the composite 



(l-F)i? 



#0 -» ker(l ® i ab ) C. 



Proposition 3.22. The map K a induces an isomorphism 

R Hn „ 



(1 - E x 

which is natural with respect to maps between group extensions. 

Proof. See Proposition 16 in [01]. Consider the maps 

(3.38) SKi(R[G\) ^ SKi(R[G/Hi]) ^ SKi(i?[G]). 

From the proof of Proposition l3.9l because Hi is generated by commutators, we know 
that ai* is surjective. By repeated use of the argument used to show Corollary 13.181 
we see that «2* is injective, because HjH\ contains no commutators. 

We now first prove the result by taking the case when H = (c) is of order p and 
contains no commutators. First we recall from Lemma 13.71 that 

P 4>({1 - c)R[G]) ~ R 

T ' C(l + (1 - c)R[G}) {l-F)R + P R 

We know 

r(ker(Wh(a))) = i/(Det(l + (1 - c)R[G))) 
so that we obtain the exact sequence 

ker(Wh(a)) A p(l - c)<P(R[G}) ^ ® (c) -»■ 0. 

We use the exact sequence (|3.32p to form the diagram 

1 -> SKi(i?[G]) -> Wh(i?[G]) -> Wh'(i?[G]) -»■ 1 

I a* 4 Wh(a) I Wh'(a) 

1 -> SKi (i?[G]) -> Wh(i?[G]) Wh'(i?[G]) -> 1 
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and we consider the further diagram 
(3.39) 

kerWh(a) ^ (1 - c)<j>(R[G]) A R F ® (c) -> 

| /3 |p 4 

kerWh'(a) ^ p(l - c)<f>(R[G]) ^ kev(R F ® G ab -> i? F ® G ab ) 

coker(a*) 

I 


here the left hand vertical column is exact by applying the snake lemma to the previous 
diagram; the middle horizontal row is exact by applying the snake lemma to the 
diagram 

1 -> Wh'{R[G}) -»■ <f>{I~) -> R F ®G ab -> 1 
(3.40) III 

1 -> Wh'(i?[G]) -»■ 0(7 G ) -> R F ®G ab -»■ 1 

and the top horizontal row is exact by Lemma 13.71 

Recall that by hypothesis 77 = (c) contains no commutators, so that H\ = (1); we 
now consider separately: Case 1, when H <£. [G, G]; and Case 2, when H C [G, G\. 

Case 1. Then H = Hi = (1); in this case H = ker(G ab — > G ab ) and using 
diagram (|3.39p we see that ker(r) = ker(u>); hence f3 is onto and we have shown: 

H / Hi = (1) = coker(a*) = coker(SKi(i?[G]) -> SKi(i?[G])). 

Case 2. Then H = Hq = (c) and again Hi = (1) in this case we have G ab G ab 
and so 

coker(SKi(i?[G]) -> SK X (i2[G])) = coker(a*) = ® (c). 

(Recall again that stands for the cokernel R/(l — F)R.) 

Let i^i C H[ C G with H[/Hi central of order p in G/H\\ we then factor a.2 ■ 
G/Hi -> G as 

G/fli %G/H{A G. 

The result then follows by the above applied to a' 2 and an easy induction theorem on 
\G/Hi \ using the exact sequence 

1 — > coker(a' 2; J — > coker(a2*) — > coker(/3*) — > 1. 

□ 

If we write G = J-/1Z, with J 7 a free group, then by Hopf's theorem (see Chapter 
II, Theorem 5.3 and also Exercise 6 in Chapter II of [B]), we have an isomorphism 
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and, given a surjection a : G — > G with H = ker(a) contained in the center of G, we 
get a map 

5 a : H 2 (G, Z) -> iJ with Im(<5 a ) = il n [G, G]. 

From Lemma 17 in [01] we have the following entirely group theoretic result (in 
which the ring R plays no role): 

Lemma 3.23. For any p- group G there are central extensions of p- groups 

1 ->• Hi -»• Gi ^> G ->• 1 and 1 ->• F 2 -»• G 2 G -> 1 

suc/i £/iai; (%) J" 1 is an isomorphism; and (ii) any automorphism of G lifts to an 
automorphism of G 2 , and for any normal subgroup K of G, if we write K = a^" 1 (K) ; 
then the sub-extension 

has the property that 5 a is an injection. 

In the Introduction we defined the subgroup if| b (G, Z) of i?2(G, Z). Since for an 
abelian group ^4 we know that H 2 (A,Z) = A A A we see easily that <5 a (iJ| b (G, Z)) 
is equal to the subgroup H generated by h £ H where h is a commutator in G. 
Note that for any two elements of G whose commutator lies in H , their images in G 
commute and so lie in an abelian subgroup of G. 

We now suppose that 

l^H^G^G^l 

is an arbitrary extension of finite p-groups, and we again define Hq and H\ as above; 
so that Hq/ Hi is central in G/H\. Assembling together the above we have maps 

SKi(i?[G]) -» coker(SKi(i?[G]) -> SK x (i?[G])) 

i Rf ^Hq/Hx R F ®H 2 (G,Z). 

Recall here that, as in the Introduction, H 2 (G,Z) = H 2 (G,Z)/H$ b (G,Z). 

For any such group extension where 5 a is an injection ( for instance when the group 
extension satisfies condition (i) of Lemma l3.23p . 5 a is then obviously an isomorphism; 
and hence 1 <8> d~ a is an isomorphism. In these circumstances we denote the composite 
map as 

(3.41) Q R[G] : SKi(E[G]) -> R F ®H 2 (G,Z) 

and we note that by the naturality of the maps involved, @r\g\ is in fact independent 
of the particular choice of extension used (where 5 a is an injection). 

Theorem 3.24. For any p-group G and any ring R which satisfies the Standing 
Hypotheses the map 

Q R[G] : SK X (R[G\) -> {i R f)r ®H 2 (G,Z). 

is an isomorphism. 
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The proof of Theorem 13.241 is exactly the same as the proof of Theorem 3 in [01] 
with R now replacing 7L V . We highlight the key remaining steps in the proof in order 
to provide an overview for the reader's convenience. As a first step towards proving 
the theorem, we note that the proof of Proposition 18 in [01] now extends to give: 

Proposition 3.25. For any ring R satisfying the Standing Hypotheses, given a sur- 
jection of p-groups a : G — > G, if is an isomorphism, then Or[c] is also an 

isomorphism. 

We now quote the following two lemmas (see Lemmas 19 and 20 in [01]) whose 
proofs are now also the same as in loc. cit. 

Lemma 3.26. Suppose H is a normal subgroup of the p-group G with the property 
that G/H is cyclic; then the boundary map 

d : ker(Wh'(i2[#]) -»• Wh' (#[£])) -> coker(SKi {R[H}) -> SKi(i2[G])) 

is surjective. 

Lemma 3.27. Suppose H is a normal subgroup of the p-group G with the property 
that G/H is cyclic; then 

coker(SKi (#[#]) -> SKi (i?[G])) ^ R F <g> cokev(H 2 (H,Z) -+H 2 (G,Z)). 

In particular, if SK.\(R[H]) = {1}, then ®r[G\ ^ s an isomorphism. 

In order to prove Theorem 13.241 we can then piece Proposition 13.251 and Lemmas 
13.261 and 13.271 together in an entirely group theoretical way by studying a suitable 
category of central extensions of the group G. The details are exactly the same as 
those for the proof of Theorem 3 in [01]. 

4. Character action and reduction to elementary groups 
In this section we do not need to assume that R supports a lift of Frobenius. 

4. a. Character action on SKi. Let Go(Z p [G]) denote the Grothendieck group of 
finitely generated Z p [G]-modules and let G p (Z p [G]) denote the Grothendieck group 
of finitely generated Z p [G]-modules which are projective over Z p . From 38.42 and 
39.9 in [CR2] we have: 

Proposition 4.1. We have 

G^(Z P [G]) ^ G (Z p [Gj) ^ G (Q P [G}) 

with the first isomorphism induced by the natural embedding of categories and the 
second isomorphism induced by the extension of scalars map <8>z p Qp • 

Proposition 4.2. Let S denote an integral domain containing Z p . Then G p (Z p [G]) 
and hence, by the previous proposition, Go(Q p [G]), acts naturally on Ki(5[G]) via the 
following rule: for a Z p [G]-lattice L and for an element of~Ki(S[G]) represented by a 
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pair (P,a) (where P is a projective S[G]-module and a is an S[G]- automorphism of 
P ), then L sends (P, a) to the pair 

(L®P, (l®a)). 

Note also for future reference that the functor G — > Ki(S[G]) is a Frobenius module 

z. 

for the Frobenius functor G — > G p (Z p [G]) (see page 4 in [CR2] and also [L]). Also, 
G — > SKi(5[G]) is a Frobenius submodule of G — > Ki(5[G]) and therefore the action 
°/Go(Q P [G]) on Ki(5[G]) induces an action on Det(GL(S'[G])) (see Ullom's Theorem 
in 2.1 of [T], and see also below for his explicit description of this action). 

Proof. See Proposition 5.2 in [CPT1]. 

4.b. Brauer Induction. Let iV c denote our chosen algebraic closure of the field N 
and, for a positive integer m, fi m denotes the group of roots of unity of order m in N c . 
We then identify Gal(N(fi m )/N) as a subgroup of (Z/mZ) x in the usual way. Recall 
that a semi-direct product of a cyclic group C (of order m, say, which is coprime to 
p) by a p-group P, C x P, is called ./V-p-elementary (see page 112 in [S]) if for given 
7r G P there exists 

t = t(7r) G Gal{N(fi m )/N) C (Z/mZ) x 

such that for all c £ C, we have ttctt -1 = c*. The direct product C x P is called a p- 
elementary group. We say that a group is ^-elementary if it is 7V-p-elementary 

for some p. We will denote by £ P (N) the class of iV-p-elementary groups. 

Theorem 4.3. For a given field N of characteristic zero and for a given finite group 
G there exists an integer I coprime to p such that 

/•Go(iV[G])C^Ind^(Go(iV[J])) 
J 

where J ranges over the N -p- elementary subgroups of G. 

Proof. See Theorem 28 in [S]. □ 

4.c. Mackey functors and Green rings. We now briefly introduce the notions of 
a Mackey functor, a Frobenius functor and a Green ring (see 38.4 in [CR2] and [Bo] 
for details). 

A Frobenius functor consists of a collection of commutative rings F(G), one for 
each finite group G together with induction and restriction maps of rings for each 
pair of groups K C H 

Indf : F(K) -»• F(H), Resf : F(H) ->• F(K) 

with the properties: 

(1) for K C H C J we have 

Ind^ o Ind^ = Ind£, Resf o Res^ = Res^-; 

(2) for x G F(H), y G F(K) we have 

x-Indf(y)=Indf(Resf(x)-y). 
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A Frobenius module N over the Frobenius functor F is a collection of -F(G)-modules 
N(G), one for each finite group G, together with induction and restriction maps of 
rings for each pair of groups K C H 

Indf : N(K) -> N(H), Resf : N(H) -> N(K) 

satisfying the transitivity properties as in (1) above together with the following three 
properties: 

(i) for x £ F(H), m £ N(H) 

Resf (a;) • Resf (m) = Resf (x • m); 

(ii) and for m' € N(K) 

x ■ Indf (rri) = Indf (Resf (x) ■ m); 

(iii) and for x' G F(K) 

Indf (x') ■ m = Indf (x' ■ Resf (m)). 

A Mackey functor with values in the category of abelian groups consists of a col- 
lection of abelian groups M(G), one for each finite group G, together with induction 
and restriction maps for each pair of groups K C H 

Indf : M{K) -)■ M(H), Resf : M(H) -)■ M(K) 

and conjugation maps c Xj # : M(H) — > M( X H) for x S G, C G where we write 
X H = xHx~ l , H x = x~ 1 Hx. These maps are then required to satisfy the following 
properties: 

1. For L C K C H we have Indf o Indf = Indf and Resf o Resf = Resf. 

2. For x,y G G and H C G we have c y x H o c X) h = c yX) n- 

3. For i£G and K C H C G we have 

it i x M J-f x M 

c x> h Ind^ = Ind*^ o c Xi j<- and c Xj # o Res^- = Res^ o c Xj k- 

4. For x £ H we have # = id#. 

5. (The Mackey axiom.) For L C H D K we have 

Resf o Indf = Yl xeL \H/K lnd Ln-K Cx,L-nx o Res£L nir . 

A Green ring is a commutative ring-valued Mackey functor 1Z which is a Frobenius 
functor; and a Green module for the Green ring 1Z is a Frobenius module over 1Z 
which is also a Mackey functor. (See [D] and page 246 in [05] for details.) 

Examples, (i) For a given prime p, the functor G — > Gq(7j p [G]) is a Green ring and 
the functors G -> Ki (i?[G]), Det(Ki(R[G\)), SKi(i*[G]) are Green modules for the 
Green ring G -> G (Z P [G]). 

(ii) For a given prime p, the functor G —> H°(G, Z p ) is a Green ring and the functors 
G — )■ H2(G,7j p ), H% b (G,Z p ), H2(G,Z p ) are Green modules for this Green ring. (See 
page 281 in [05].) 
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Let C be an arbitrary class of finite groups which is closed with respect to subgroups 
and isomorphic images. For a given finite group G we write C(G) for the set of 
subgroups of G which belong to the class C. 

We say that the Mackey functor M is generated by C if for any G 

M {H)^kM{G) 
HeC(G) 

is surjective. 

We say that the Mackey functor M is C-computable with respect to induction 

if for any G 

M(G) lim M(H) 
HeC(G) 

where the direct limit is taken with respect to the induction and conjugation maps. 

We say that the Mackey functor M is C-computable with respect to restriction 
if for any G 

M(G) ^ lim M(H) 
HeC(G) 

where the inverse limit is taken with respect to the restriction and conjugation maps. 
From Theorem 11.1 in [05] we have: 

Theorem 4.4. (Dress) Let 1Z be a Green ring, M be a Green module for 1Z and 
let C be a class of finite groups with the property that 1Z is C-generated; then M is 
C-computable with respect to both induction and restriction. 

Definition 4.5. A Mackey functor is called p-local if it is a7L v -module valued functor. 

Using Brauer induction as in 14. bl above it can also be shown that (see Theorem 
11.2 in [01]): 

Theorem 4.6. Let £, resp. £p, denote the class of Q- elementary, resp. of Qp-p- 
elementary, groups. 

(i) As previously, suppose that R has field of fractions N and let X be an addi- 
tive functor from the category of R-orders in semi-simple N -algebras with bimodule 
morphisms to the category of abelian groups. Then M{G) = X(R[G\) is a Mackey 
functor and is in fact a Green module for the Green ring G — > Gq(W\G\) and M is 
E-computable with respect to both induction and restriction. 

(ii) Suppose further that X is p-local; then M{G) = X{R[G]) is a Green module for 
the Green ring G — > Gq(Z p [G]) and M is £ p - computable with respect to both induction 
and restriction. 

From Theorem 11.9 in [05] we have: 

Theorem 4.7. Let p denote a chosen prime number, let R be a p-adically complete 
integrally closed integral domain of characteristic zero with field of fractions N and let 
X be a p-local additive functor on the category of R-orders with bimodule morphisms. 
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For any positive integer n which is prime to p, let £ n denote a primitive n-th root of 
unity in Qp and set R[( n ] = R (8>z p Z p [£ n ]. Then: 

(i) X{R[G\) is computable with respect to induction from p-elementary groups if, 
and only if, for any n as above, any p-group G and any homomorphism t : G —■ 
Gal(Q p (Cn)/Qp) with H = ker(i), the induction map 

Indg : H (G/H,X(R[( n ][H])) -> X(R[( n ] o G) 

is bijective. 

(ii) X(R[G]) is computable with respect to restriction to p-elementary groups if, 
and only if, for any n, as above, any p-group p and any homomorphism t : G — > 
Gal(Q p (Cn)/Qp) with H = ker(t), the restriction map 

Resg : X(R[Cn] ° G) -> H°(G/H, X{R[( n ] [H])) 

is bijective. 

To obtain this theorem from Theorem 11.9 in [05] it is helpful to note that (see Sect. 
6 in [CPT1]) we can decompose the ring R[Cn] into a product of integral domains. 

5. SKi FOR p-ELEMENTARY GROUPS 

In this section we assume that in addition ii is a normal ring. Here G is a Qp-p- 
elementary group, written G = P x C as above, with P a p-group and C a cyclic 
group of order prime to p. We therefore have decompositions of algebras: 

%p[C] = JJZ p [m] where Z p [m] = Z[£ m ] ®zZ p 
m 

R[C] = Y[R[m] where R{m] = Z p [m] ®% p R 

m 

and where m runs over the divisors of the order of C. 

We fix a surjective abelian character \ : C — > (Cm)- We let A m denote the image of 
P in Aut(Cm) given by conjugation; thus, by the definition of a Q p -p-elementary group, 
A m identifies as a subgroup of the cyclic group Gal(Q p (Cm)/Qp) and we let H m denote 
the kernel of the map from P to A m . We endow R[m] with the lift of Frobenius given 
by the tensor product of the lift of Frobenius on R and the Frobenius automorphism 
of Z p [m]. From Lemma 6.1 in [CPT1], we know that each R[m] decomposes as a 
product of integral domains each of which satisfies the Standing Hypotheses. 

Recall that each twisted group ring R[m] o P contains the standard group ring 
i2[m][iif m ], and, as per 6. a in [CPT1], we have the induction and restriction maps 

Ki(flH[fr m ]) § Ki(J?[m]oP). 

i* 

In most of the remaining of this section we fix m and drop the index m where 
possible; so, in particular, we write H, A, r for H m , A m , r m and set B = R[m\. We 
write In for the augmentation ideal I(B[H]) and we let Ip denote the two-sided BoP 
ideal generated by In. Note for future reference that, since R[P]Ih is contained in 
the Jacobson radical of R[P] and since B commutes with H, by the definition of H, 
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it follows that Ip is contained in the Jacobson radical of B o P. In the usual way we 
have the relative K-groups K\(B[H], Iff), and Ki(l? o P, Ip). 

Recall that from Theorem 6.2 and Proposition 6.3 in [CPT1] we have 

Theorem 5.1. We have 

r(Bet((B o P) x )) = Bet(B[H] x ) A D r o ^(Det(5[#] x )). 
Using the decomposition Det(B[H] x ) = Det(l + Iff) x B x , we obtain inclusions 
(5.1) r(Det(l + I P )) = Det(l + I H ) A D r o a*(Det(l + I H )) 

and 

Det(l + / P ) =i,(Det(l + Jff)). 

We shall now generalize a result of R. Oliver by establishing a corresponding result 
for K' x by showing: 

Proposition 5.2. W^e We i*(K[(B[H], I H )) = K[(BoP,I P ). 

Proof. Note that the result is immediate if H = {1} and so we may henceforth assume 
that H contains an element c of order p which is central in P. We write t : P/H —?■ A 
for the isomorphism induced by conjugation. We let c denote a central element of 
order p which lies in H; note that here we are not necessarily assuming that c is a 
commutator in H. We let H = H/(c), P = P/(c) and we write Ijf for I(B[H]) and 
Ip for I{B o P). Our proof proceeds in two steps. 

Step 1. With the above notation we consider the diagram with exact rows, where 
the downward arrows are induced by i 

K x d 4 n K[(B[H},Iff) -> K;(S[F],%) -> 

a | /3 1 7 1 

-»• /C 2 d 4' K[(BoPJ P ) -> Ki(BoP,Jp) -> 
and recall the exact sequence 

-»• (1 - c)5[iT] -> Iff -)■ % -> 0. 
We rewrite the top row of above diagram as 

1 1 
t t_ 

t <7 t ^ t 

1 -> GL(5[H],(l-c)) -)■ GL(B[fl],/ff) -> GL(5[i7],%) -> 1 

We claim that <7 is surjective: to see this, first note that the map ker(<r) — > ker(cr / ) 
induced by the map GL(B[H],I H ) -> GL(B[F],%) is 

p : GL(B[H],I H ) n GL(B[i7], n E(B[H}). 

By the snake lemma, it will suffice to show that the map p is surjective; to see this, 
given e = ei • • • e n € GL(£[fT],%) n £7(-B[IF]), we choose e; € E(B[H\) with image 
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G E(B[H]) and set e = e\ ■ ■ ■ e n ; then, as the augmentation map £h factors through 
Ejf, we see that e#(e) = 1 because £#(e) = 1 and so e G GL(B[H],Ijj). A similar 
argument shows that GL(B o P, (1 — c)ip) maps onto /C2 and we have shown: 

(5.2) GL(B[ff],(l-c))-»/Ci, GL(BoP,(l-c))-»/C 2 . 

We now show that /3 is surjective by arguing by induction on the order of the group 
H. Note that if H = {1}, then 2W = = 7p, and so in this case we trivially have 

K' 1 (B[H]J) = = K' 1 (BoPj P ) 

and this starts the induction. By the inductive hypothesis we may assume that 7 
is surjective. Therefore, by the snake lemma, it will now suffice to show that a is 
surjective. 

Step 2. As (1 - c)B[H] resp. (1 - c)B o P lies in the radical of B[H) resp. B o P, 
we know from Lemma 12.21 (b) that there are surjections 

(5.3) k h ■ (1 + (1 - c))B[H\) -» £1, K p:(l + (l-c)BoP)^K 2 

where we abbreviate kj h to k# and k/ p to up. In order to show that the map a is 
surjective, we shall show that for each k > 1 the map 

. _ K H {1 + (1 - C) fc g[g]) Atp(l + (l-c) fc ^oP) 

' KH {1 + (1 - c) fc+1 S[^]) K P (1 + (1 - c)^ 1 ^ o P) 

is surjective. This will then prove the proposition because the (1 — c)-adic and p-adic 
topologies are cofinal in both (1 — c)B[H] and (1 — c)B o P. 

Recall that B = R[m] and A C G&l(R[m]/R). Let B = B/pB, R = R/pR and 
recall that by the Standing Hypothesis R is an integral domain and B = R<S> ¥ p [m]. 
To establish the surjectivity of 1*/%, we choose a normal basis generator Jl of F p [m] 
over Fpfm]" 4 as follows: let £ denote a primitive m-th root of unity in the algebraic 
closure of F p ; then A identifies as a subgroup of Gal(F p (£)/F p ) and F p [m] identifies 
as a product of copies of F p (£). We then take Jl to be the direct product of copies 
of a normal integral basis of F p (£)/F p (£)^ and so we observe that Jl is an invertible 
element of F p [m]. This then affords a normal basis generator (also denoted Jl) of B 
over the group ring B [A). We then choose a lift fi G B of Jl. Then for g G P — H, 
g(Jl) 7^ Jl and so fi~ 1 (g(n)) — 1 G B x . So for any A G B we can find A' such that 

A = A'( / ,- 1 ( 5 (/,))-l) 

and we note that coker(i*fc) is generated by elements of the form 1 + (1 — c) fe A<? _1 
with g G P - H. 

Using the identity g(fi) = g ■ fi • g^ 1 , we then note the identity 

Kp (l + (l-c) k \g) = Kp(l + (l-c) k \ , (j J ,- 1 (g{ JJ ))-l)g) 

= k p (1 + ^(1 " c) h \'giL - (1 - cfX'g) 

= « P ((1 + (1 - c) V^VXl - C 1 - C )" A 'S)) mod (! " c ) k+1 - 
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Using the fact that, because c S H, it commutes with B, we have shown 
Kp (l + (l- c f\ g -i) = «p( At - 1 (l+(l-c) fc AV 1 )M(l+(l-c) fc AV 1 )" 1 ) mod (l-c) fc+1 
which, being a commutator, has trivial image in K'^P o P,Ip). □ 
Recall we write i# for Ib\h]- 

Proposition 5.3. Det(l + In) is a cohomologically trivial A-module; hence 
Det(l + I H ) A = H°(A, Det(l + I H )) = H (A, Det(l + I H )) 

and 

Hi(A, Det(l + I H )) = {1} = H-\A,Bet(l + I H )) = {1} . 

Proo/. Recall that we write Ah = kev(B[H] ->■ P[P ab ]). With the notation of CTal 
(using the fact that B is a direct product of algebras which satisfy the Standing 
Hypotheses), we have an exact sequence 

-¥ cf>(A H ) -> Det(l + I H ) -»• 1 + I(P[P ab ]) -> 1. 

As seen previously, the P-lattice 0(^4jj) is P[^4]-free and hence is a cohomologically 
trivial A- module. On the other hand 1 + J(S[i7 ab ]) can be filtered with subquotients 
all of which are isomorphic to B. The result then follows since all these terms are 
also all cohomologically trivial A-modules. □ 

Corollary 5.4. We have i„(SKi (£[#])) = SKi(PoP,/ P ) = SKi(PoP). 

Proof. By Theorem O we know that Det(Ki(P[G])) = Det(P[G] x ). Consider the 
augmentation map B[H] — > B and the induced map 

B o P ^ B o A^ M lA \(B A ) 

with the latter isomorphism coming from the proof of Theorem 6.2 in [CPT1]. 

This then leads us to consider the commutative diagram with exact rows, where 
the downward arrows are all induced by i*: 

-»• SKi(P[iPj) -»• K'^BIHIIh) -»■ Det(l + 7ff) -> 1 
(5.4) lp li It 

-»• SKi(PoP,/ P ) -». k;(BoP,/ p ) -> Det(l + Ip) -)■ 1. 

By Proposition 15.21 we know that the middle downward arrow i is surjective. In order 
to show that p is surjective, by the snake lemma, it will suffice to show that ker i maps 
onto kerr. Suppose therefore that Det(x) G kerr. We have seen that the restriction 
map r is injective and roi, coincides with the norm map Na] so by Proposition 15.31 
we deduce that we can write 

Det(rr) = Det^)"" 1 

with y a E 1 + Ijj. Now consider the image of the element z = Yl Va~ l ^ ^-\(B[H], Ih) 
in Ki(B o P): clearly this maps to Det(rr) under Det; moreover, each term y" -1 = 
ay a a~ l y~ l becomes a commutator in (B o P) x and so vanishes in Ki(B o P), as 
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required. To conclude we show that SKi(P o P) = SKi(P o P,Ip) and this follows 
from the exact sequence 

l->/p-s>PoP->Po A m -> 1 

and the equalities 

SKi(So A m ) = §K x (M\ Am \(B A ™)) = SKi(J3^») = SKi(J?®Z[m]) = {1}. 

□ 

We conclude this section by showing: 
Theorem 5.5. We have 

i*{$K x {B[H\)) = ff (A,SKi(B[fl])) 

in SKi(BoP). 

Proof. We start by noting as previously that for x 6 K'^BoP, Ip) and a € A we have 
x a x~ 1 = 1 and so IaK'i(B o P,Ip) = 0. Next we note that by taking ^-homology of 
the top exact row in (|5.4p and using the above Proposition 15.31 we get 

H Q {A,SK X (B[H])) ^ H (A,K[(B[H],I H )) -» H (A, Det(l + I(B[H}))) 

SKi(Bo P,I P ) <-> Ki(J3o P,I P ) -» Det(l + I(B o P)) 

Now from the above we know that r is an isomorphism; by Corollary [531 P is surjective; 
by Proposition 15.21 i is surjective; hence, by the snake lemma, it will now suffice to 
show that i is an isomorphism. 

By Lemma 8.3.ii and Lemma 8.9 in [05] (see also the discussion on page 278 of 
[05]) we know that we can find a finite p-group H with a central subgroup E so that 
we have a diagram 

1 -> E -> P -> P -> 1 

t= t t 

1 -> E P ^ H ->■ 1 

with Pi2(ao) = 0, where #2(00) is the map H2(H,Z P ) — > H2(H,Z p ) induced by ao; 
hence by Lemma 8.9 in [05] we know that we have SKi(P[P]) = (1); and hence 

(5.5) K' 1 (B[H},I H )=Bet(l + I(B[H])); 

and therefore, by Proposition 15. 3| K^(P[P], J#) is A-cohomologically trivial. 
To conclude we consider the exact sequence which defines J 

1 ->• J -»• P[P] -> P[P] -> 1 

together with the diagram 

K' X (P[P],J) Po^K^PfP],^)) -> I (AKl(B[fl],/ff)) -»• 1 

la 16 J, c 

1 -4 Ki(BoP,J) -> Ki(BoP,/p) -> K;(Po P,/ P ) -> 1 
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where the top row is obtained by using the map K^(_B[iT], J) — > Ho(A, K[(B[H], J)) 
by taking the ^4-homology of the exact sequence 

1 -> K[(B[H],J) -> Ki(B[#],J g ) Ki(5[if],/ H ) -> 1 
which follows from the snake lemma applied to the diagram 

Ki {B[H}) = K X {B[H}) 
I I 
1 -> ^(B^/J^/J) Ki(S[i?]/ t 7) Ki(B[H]// 5 ) -> 1. 

The map a is induced by i and so is surjective; the map b is an isomorphism by (|5,5p 
and Theorem 15.11 hence the map c is an isomorphism as required. □ 

6. Arbitrary finite groups. 

Throughout this section we shall always suppose that R satisfies the Standing 
Hypotheses and is normal and that G is an arbitrary finite group. 

We start by proving Theorem 11.71 we do this by using the induction theorems 
of Section using the isomorphism Qr\g] for p-groups, and the work in Section [S] 
for Qp-p-elementary groups, in order to produce an isomorphism Qr[g] for arbitrary 
finite groups G. 

In subsection I6.cl we construct Adams operations on the determinantal groups 
Det(i?[G] x ). We then use these Adams operations to construct a group logarithm 
vg, which naturally extends the group logarithm for p-groups described in !3.al This 
enables us to construct a long exact sequence (see Proposition 16 . 20]) which generalizes 
the exact sequence (jl.3p (which was valid only for p-groups); this result provides a 
deep understanding of the determinantal groups T)et(R[G] x ). Inter alia this sequence, 
together with other constructions, allows us to provide a more constructive definition 
of the map G fl[G] . 

6. a. Proof of Theorem 11.71 In this subsection we suppose that R satisfies the 
Standing Hypotheses. In I3.cl we constructed the map ®r[g] m the case when G is a 
p-group. Indeed, in that case, by Theorem 13.241 we have the natural isomorphism 

(6.1) @ R[G] : SKi(i?[G]) -> H 2 (G, R) 9 . 

Suppose now that G = C x P is a Q p -p-elementary group and, with the notation 
of Section 5, we then have decompositions 

R[G] = ® m R[H m ] o P, R[G r ] = R[C] = ® m R[m] 

(so that H m = ker(conj : P — > Aut(Cm)) and A m = Im(conj : P — > Aut(Cm))- Thus 
we obtain the further decompositions 

H 2 (G,R[G T ]) = (B m H 2 (G,R[m]) = (B m H 2 (H m ,R[m} A '-) 

= ® m H 2 {H m , R[m] Am ) = ® m H (A m , H 2 (H m , R[m})) 
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by using the fact that R[m] is ^4 m -free. We then have similar decompositions for 
H$ h (G,R[G r }), H 2 (G,R[G r }), H 2 (G,R[G r })*. 
By Theorem 15.51 there is a natural isomorphism 

SKx(R[m][G]) = SKi(e mJ RM[#m] ° P) = ® m H Q {A m , SKi(i2[m][ff m ])) 

and so applying the functor HQ(A m , — ) to the isomorphism 

e R[m][Hm] : SKi(J?[m][F m ]) -^H 2 (H m ,R[m])is 

we get the isomorphisms for each m 

Ho(A m ,e R[m][Hm] ) : iJ (^m,SKi(i?H[F m ])) -> H (A m ,H 2 (H m ,R[m])h. 

For a Qp-p-elementary group G these isomorphisms add together to give the desired 
isomorphism 

(6.2) Q m : SKi (R[G)) F 2 (C, i?[G r ])«. 

In conclusion we note that for arbitrary G by Theorem 14.71 (i) 

SKi (R[G\) = lim SKi(iJ[fl]). 

H€£ P (G) 

To complete the proof of Theorem II .71 we show: 
Lemma 6.1. We have 

H 2 (G,R[G r }) = lim H 2 (H,R[H r ]). 

HeS p (G) 

Proof. Let E p (G) denote the set of subgroups of G which are p-elementary, so that 
of course E p {G) C £ P (G). We start by showing 

H 2 (G,R[G r }) = lim H 2 (H,R[H r ]); 

H£E p {G) 

then, since every p-elementary subgroup of G is trivially Q p -p-elementary, by Theorem 
03] it will follow that 

H 2 (G,R[G r ])= lim H 2 (H,R[H r ]). 

He£ P (G) 

Let G p denote a p-Sylow subgroup of G. Since the index (G : G p ) is a unit of R, we 
have the equality 

Co4 p (H 2 (G p ,R[G r ])) = H 2 (G,R[G r }). 
Next we decompose G r into disjoint cycles under G p -conjugation 

Gr = [jgf p , 

we let Hi denote the subgroup of G p that centralizes gi. Then it follows that 

H 2 (G p ,R[G r ]) = J2H 2 (G p ,^2 aHyr Rgl) = ^2.H 2 (H i ,Rg i ) 
and the result follows because {gi) x Hi is p-elementary. 
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The proof that 

Hf(G,R[G r ])= lim Hl h (H,R[H r ]) 

H&£ P (G) 

is very similar (see the proof of Corollary 11.81 in Appendix B). □ 



6.b. Extending the group logarithm. In this subsection we consider the extension 
of the group logarithm in the trivial case when G = {1} and define 

C R (R X ) = (log of;) {R x ) c log(l + pR) c P R 



F j 

where abusively p/F denotes the map on R x given by p/F(u) = u p /F(u). 
We define 

M(R, F) = {u G R x | F(u)=u p }, A(R,F) = R X /M(R,F). 

When F is fixed we shall write A (12) and M(R) in place of A(R,F) and M(R,F). 
We claim that the following sequence is exact: 

(6.3) R x - >R®A(R)^R^0 

where 8(u) = u mod M.{R) and where T(x(By) = x — ^Cji(y). Indeed: T is surjective, 
since obviously R maps onto R; clearly 

T ((-C R 0)(it) J = -£r(u) - -Cr{u) = 0; 

V p ) p p 

and, if T(x © y) = 0, then x = \C R {y), and so (±Cr ®9){y) = x® y. 



Lemma 6.2. (a) M{R) n (1 + pR) = {1}. 

M(R) ifp>2, 
M{R) © (±1) ifp = 2. 



(b) kBT{C R ) 



Proof, (a) For the sake of contradiction we consider 1 + p n x G A4(R) with n > and 
x £ pR. Then we have congruences modulo p n+l R 

1 + p n x p = 1 + p n F{x) = F(\ + p n x) = (1 + p n x) p = 1 

which implies x G pR. 

For (b) we consider the factorization of Cr given by 

^1+pR ^hpR 

where p/F(u) = u p F(u)~ l . The result then follows since, because pR is a prime ideal, 
we have: 

{1} ifp>2, 
(±1) ifp = 2. 

□ 



ker (log : 1 + pR — ¥ pR) 
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Example 6.3. We can use the structure of R x to work out A4(R) and A(R) in the 
following cases: 

1. If W denotes the valuation ring of a finite non-ramified extension of Q p ; then 
M.(W) = fj,' w , the group of roots of unity of W of order prime to p and A(W) = pW. 

2. Using k[t] x = k x we can see that M(W(t)) = y! w and A(W(t)) ^ 1 +pW(t). 

3. Also M(W[[t]}) = fi' w and A{W[[t}]) 1 + (p,t)W[[t]]. 

4. Any unit u of the d.v.r VF{{f}} can be written as u = t n v(l + pr) with r G 

n G Z and u G W[[i]]] x ; therefore .M(IF{{t}}) = fi' w x f z and we have an 
exact sequence 

1 1 + pW{{t}} -> A(W{{t}}) 1 + tk[[t}} -> 1 
where we write for the residue class field of W. 

For a p-group G we splice the above exact sequence (|6.3[) together with the exact 
sequence 

Det(l + I R[G] ) ^ pHIr[C\) -> G ab 55 ^ 

from Theorem 3.17 in [CPT1], and we get the exact sequence for the whole group 
DetR[G] x ): 

(6.4) Det(i?[G] x ) = Det(l + I R[G] ) R x v °®^ Cr ® 6g ) 0(J r[q] ) @ @ A(R) 
= pR[C G ] A(fl) -> G ab g> ^ p e i? 

where for brevity we set = and Qq is the composition of augmentation and 
reduction modulo A4(R). 

6.c. Adams operations and norm maps. From here on until the end of the paper 
we suppose that, in addition to the Standing Hypotheses, R also satisfies the following 
two additional hypotheses: 

(1) The Fp-algebra R F£ contains only finitely many orthogonal idempotents. 

(2) For any non-ramified extension L of Q p we set A = Gal(L/Q p ); then the group 
A(Rl) is a Zp-module which is A-cohomologically trivial and for any p-subgroup T 
of A, H 1 (T,M(R L )) = {1}. 

For an integer n and a virtual character x of G, recall that we define ip n x by the 
rule that for g G G we have ip n x{9) = xi.9 n )- Clearly ip n x is a central function on 
G; in fact one sees easily by Newton's formulas that i/j n X is a virtual character of 
G. In this subsection we use these Adams operations on characters to define Adams 
operations on the group Det(i?[G] x ). 

For Det(x) G Det(i?[G] x ) and for an integer n we define ip n Det(x) to be the 
character function given by the rule that for a virtual character x of G 

V> n Det(x)( X ) = Det(x)(^ n x)- 
Then, as per Theorem 1 in [CNT] (see also Sect. 9 in [T]), we have: 
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Theorem 6.4. For any integer n, ip n Bet(R[G] x ) C Det(i?[G] x ). 

The proof of this result is in many ways similar to the proof given in [CNT] and 
Sect. 9 of [T] (when R is the valuation ring of a finite non-ramified extension of Q p ). 
The details are provided in an Appendix. However, note that the proof in [CNT] 
and [T] requires a number of modifications. In particular, one issue that arises at 
the conclusion of the proof (see pages 114-115 in [T]) is the following: for a finite 
non-ramified extension L of Q p , if we set Rl = R® Ol then we do not necessarily 
know that: 

Ar L/Qp (Det(R L [G] x )) = Bet(R[G] x ); 

and this is because we do not necessarily know that the group of norms Nl/q p (R^) 
coincides with R x . However, we do have from Theorem 4.3 of [CPT1]: 

Theorem 6.5. Let G be a p-group. With the above notation we have the equality 

A/- L/Qp (Det(l + I(Rl[G}))) = Det(l + I(R[G])). 

This is a key-result, as is explained in the Appendix. 

The proof of Theorem 16.41 then follows very closely the proof given in [CNT] and 
[T] by using the above result together with the decomposition 

Bet(R[G] x ) = Det(l + /(i?[G])) x R x ■ 

However, the special case where G is a p-group is now considerably more involved. 
The details are provided in the Appendix. 

For future reference note that if H is a subgroup of G, then, by definition, for 
Det(y) € Bet(R[H] x ) we have, 

Indg(Det(y))( X ) = Det(y)(Resg ( X )) 

and so 

(V n Indg(Det(y)))(x) = Indg(Det(y))(^ X ) 

= Det(y)(Resg(V n x)) = Det(y)(^Resg( X )) 
= OTDetG/))(Resg( X )) = (IndgV n Det(y))( X ). 

Thus we have shown that 

Lemma 6.6. For H < G, ip n commutes with the map Ind^J on determinants. 
6.d. The group logarithm for arbitrary finite groups. We define 

* : Bet(R[G] x ) -> Bet(R[G] x ) 
by the rule ^(Det(x)) = ip p T)et(F(x)) and we define 

„ (De.W, = *o,„ g (J^). 
We begin this subsection by showing the following generalization of Theorem 13.31 in 
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Theorem 6.7. We have v G (Det(R[G] x )) C pR[C G ]. 

In the sequel we shall write v' G for p _1 v G . 

Proof. Suppose first that G is a p-group; the result then follows immediately from 
Theorem 13.31 and I6.b[ 

Suppose next that G is a Q p -p-elementary group. We adopt the notation of £j5) We 
write G = C x P and we have the decomposition 

R[G] = ® m R[m] o P. 

We consider the restriction map res : R[m] o P — > M^ m ^(R[m][H m ]) and form the 
composite 

R[m]oP M lAml (R[m][H m ]) ^ R[m][H m ] Am -> (R[m][H m ]/I H J A ™ = R[m][C H J A 

where the map R[m][H m ] Am — > (R[m][H m ]/lH m ) Am is induced by the natural map 
i?[m][i7 m ] — > R[m][H m ]/lH m , where of course A m acts on both H m and i?[m]. Recall 
that here P acts on R[m] o P by conjugation on P and its natural action on i?[m]. 
Since A m is cyclic, we know [P, P] C H m , so for any g, k € P we have g k — g lies in 
the i?[G]-ideal generated by ifr m ; hence (Trores)(/p) C In m and we have constructed 
a map 

ffo(Tr) : H (P, R[m] o P) F (i?m, i?[m][# m ]) Am . 

Observe that i?[m] [Ci/ m ]^ m is spanned over Pfm]" 4 " 1 by the elements (Trores)(£/i) for 
h € H m and £ a primitive m-th root of unity; this shows that PTo(Tr) is surjective. 

Lemma 6.8. We have the commutative diagram: 

Det(i?[G] x ) ^ e m Det(P[m] oP x ) ^ ® m Det{R{m][H m } x ) A ™ 

■I V ' G i i ® u m m 

ff (G,i?[G]) ^> ® m H (G,R[m]oP) (B m H (H m , R[m][H m ]) A ™ 

and Ho(Tr) is an isomorphism. 

Proof. The diagram comes from Theorem 15.11 We have shown Ho(Tr) to be surjec- 
tive, and the terms in the lower row are i?-torsion free with the same rank (as is seen 
by tensoring by N), and so Ho(Tr) is injective. □ 

Lemma 6.9. We have 

® m H (H m ,R[m][H m ]) A ™ * ® m R[m][C Hm ] A ™ * R[C G ]. 

Proof. The result is clear if C = {1}, so suppose that C is non-trivial and choose 
a prime number I, that divides |C| and write |C| = Vq with q coprime to I. Let 
c S C denote an element in C of order / and set G = G/C. We can then write 
R[C G ] = R[Cq] (1 - c)R[C G ] where (1 - c)R[C G ] denotes ker(P[C G ] -> P[%] ). We 
then have the decompositions 

(1 - c)R[C] = @ m R[m] , (1 - c)R[G] = @ m R[m] o P 
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where m runs through all the divisors of |C| which are divisible by V . 
H (G, (1 - c)R[G\) = H (G, ® m R[m] o P) = ® m H (G, R[m] o P) 

Ho(Tr) 

= ® m H (P,R[m)oP) ® m H (H m ,R[m][H m ]) A ^. 

The result then follows by induction on the group order (which gives the result for 
G). □ 

To complete the proof of Theorem 16.71 for arbitrary G we recall from Theorem 14.31 
that we can write m ■ 1g = YIh ^H^^-h^h) where nn are integers, the H are Q p -p- 
elementary subgroups of G and the Oh are Q p -characters of H and m is not divisible 
by p. 

Let Det(x) G Det(i?[G] x ). Using Lemma HT6l we have 

m-^(Det(x)) = Y, H n H-VG^d H ((9 H )T>et(x))) 

= E H n * ■ ^(Indg(^(Resg(Det(x))))) 

= ^n^.Indg(^(^(Resg(Det(x))))) 

and so by the result for Q p -p-elementary groups we know that m • v' G (Det(x)) € 
pR[Cc]- The result is then shown since m acts as an automorphism on R[Cg]- □ 

6.e. Oliver's map men for arbitrary finite groups. In this section, among other 
results, we provide a more direct construction of Oliver's isomorphism Qr[g] of The- 
orem 11.71 (Recall that R satisfies the additional hypotheses stated in the beginning 
of®) 

For a Z[G]-module M we recall the bar resolution 

► Z[G] ®z Z[G] M % Z[G] ® Z M%M 

which computes the homology groups i?*(G,M). (See for instance 13.2 in [HS].) 
Explicitly for m € M, and g, h € G we have 

di{g®m) = (1 — g)m 
d2{g®h®m) = h §t> m — gh ® m + g §t> hm. 

In what follows an element of H\(G,M) will be represented as an element of the 
quotient ker<9i/Im<92 without further reference. 

Let G r again denote the subset of p-regular elements of G; i.e. the subset of 
elements of G whose order is coprime to p. We shall be particularly interested in the 
i?[G]-module i?[GV] where G acts on the left on G r by conjugation; that is to say 
9 h = ghg" 1 for g € G, he G r . 

We shall view JR[G r ] as a ^-module (as in the Introduction) by the rule 
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for s g G R, g G G r . Note that the actions of G and commute, so that we may 
view R[G r ] as a G x ^-module. We write fl"i(G,i2[G r ])* and fli(G,22[G r ])« for the 
groups of ^-invariants and ^/-covariants of i?i(G, i?[G r ]) in the usual way. 

6.e.l. T/ie map log- See Theorem 12.9 in [05]. We also view R[G] as a left G- 
module by conjugation; so that 9 {J2h s hh) = Ylh s h-9hg~ l ■ We may then identify 
Hq(G,R[G]) with R[Cg]- Recall that we have previously defined the iZ-linear map 
4> : R[G] —¥ R[Cg] by mapping each group element to its conjugacy class. Recall also 
that each group element g G G may be written uniquely as g = g r g p where g r has 
order coprime to p, g p has p-power order, and g r and g p commute. 

Proposition 6.10. The map 

^G^Zg s 99) = ~^2 g 9 ® s g g r 

induces a homomorphism 

oj G : H (G,R[G]) -> tf^G, i?[G r ]). 

Proof. For simplicity, write a; instead of wg. Note that di(u(g)) = d\{g (8> g r ) = g r — 
99r9 l = 0, since g and g r commute. To see that we get a well-defined homomorphism 
(that is to say which is independent of choices), we note that 

U(<>h) = 9 h® 9 h r = 9 Uj(h) 

and 9 oj(h) and oj(h) are homologous since the functorial action of G on homology 
groups is trivial (see for instance Ch. Ill Proposition 8.3 in [B]). □ 

Remark 6.11. For future reference note that if G is p-group, then G r = {1}, 
Hi(G, R[G r ]) = G ab <8> R, and co G is the R- linear map induced by G ->• G ab ® 1. 

6.e.2. 77ie map £g- 

Proposition 6.12. For u = X^eG s g9 ^ GL n (i?[G]), mf/i s 9 G M n (i2), we write 
u~ l = J2heG^hh and set 

&(«)=E , 5 ® ^{th s g){hg)r G i?[G r ]. 
T/iis induces a homomorphism 

e G :Ki(l?[G])-)-ffi(G,i2[G r ]) 

and i/ie element 

fc(u) = (5 - 1) ® Tr(t h s g )(hg) r G fl[G r ] 

/ies in i/ie same homology class as £, G ( U ) * n ^l(^) -R[G r ]). 

Proof. (See Theorem 12. 9. i in [05].) We first show that £' = £ G is a homomorphism 
from GL n (i?[G]) into H\(G, R[G r ]). To this end we first note that 

1 = VI t = t s g t h gh 
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and so 

n = ^ h Tr(t h s g )hg = ^ ^ Tv(s g t h )gh 

since for given x £ G, Ylhg^x^fyhSg) = unless x = 1, in which case of course we 
have h = g~ l . We then see that 

9i ° £'(«) = V] _ Tr(t h s g ){hg) r - Tx(t h s g )(ghgg~ l ) r = . 

— Si" 

To see that £' is a homomorphism, consider u = ^aGG^ a e GL n (R[G]) and write 
= J2beG Ibb- We then see that 

£'{uv) = #a <g> Ti(q b t h s g p a )(bhga) r . 

Using the fact that gh <£> x — h <S> x — g <£> hxh~ l lies in Imc^, we get the congruence 
modulo Im 82 

£'(uv) = ^2<i®^2Tr(q b t h s g p a ){bhga) r + 

a,b h, g 

^2 9® ^2 Tv (<lbthSgPa){abhg) r 

h,g a,b 

and using the equalities 

^2Tr(q b t h Sgp a ){bhga) r = Tr {q b p a )(ba) r 
h,g 

Tr(p a q b t h s g )(abhg) r = Tr(s h r g )(hg) r 

a,b 

we find £'(uv) = £'(u) + £'(v) in H±(G, R[G r ]). Next observe that, since £' is homo- 
morphism into an abelian group, it factors through Ki(i?[G]). 

To conclude we note that setting h = l'w.gh®x = h®x + g® hxh~ l we get that 
£(it) — £,'(u) is in Imc^- □ 

The following result shows how the above map £g relates to the p-group logarithmic 
differential map in 3.3 of [CPT1]. 

Lemma 6.13. Suppose that G is a p-group, so that G r = {1}. Then, under the 
identification 

^R[G\/R = G* h ® Id R=^®%R = H 1 (G, R) , 

we have the equality £g( u ) = d\og(u) for u € R[G] X . Let ^ denote the F -semi-linear 
map on Q\qQ\m ( so that for x € Iq/Iq, r £ R, we have ^(rdx) = i ? (r)^'((ix)) and 
which has the property that p^> o d = d o (see Proposition 3.18 in [CPT1]). Then 
we have the equality for u € R[G] X 

(1 - 9)t G (u) = d (p- X C G {u)) = d(v' G (Det(u))) = ujq o v' G (Det(u)). 
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Proof. Let u = s g g, u~ l = J2h ^hh- Since (g — l)h = (g — 1) mod I G , we obtain 
the congruence mod I G : 

du-u~ 1 = 'S^ (g — l)h® s g t h = y~] (g - 1) <g> s g t h = £ G (u) 

and also 

(l-*)fc(«) = (l-*)dlog(«) = 
= d((l - log(u)) = dip^Caiu)) = d(t/ G (Det(u))). 

□ 

For this short paragraph G is still a p- group so that G r = {1}. As in the final part 
of I6.bl we can decompose the map v ' G = v £ x t>j via the decomposition Det(i?[G] x ) = 
i? x x Det(l + Iq) and note that v e coincides with the map p~ 1 Cr of 16. bl Using the 
above and noting that H\{G, R) = i? <8> G ah we see that the exact sequence 

Det(l + Iq) % cj>(I G ) ^> J** ® G ab -> 



of (|3.3p affords the further exact sequence 

Det(l + I G ) <f>(I G ) © H^G, R) UJG+ ^" 1 \ Hl (G, R) -> 0. 

By adding this to the exact sequence 

RX P -iC R ®9 > R A(i?) R ^ Q 

of ([6.3p we get the further exact sequence 

(6.5) Bet(R[G] x ) ^ R[C G ] © H X (G, R) © A(R) ^ H 1 (G,R)®R^0 

where s G (Det(z)) = (v' G x £ G x G ) and for (x,y,z) = (x e © Xf,yj,z £ ) we have 
T G (x, y, z) = (w G (xj) + (* - l)y, x e - 

Lemma 6.14. For an arbitrary finite group G let J = Jw G i denote the Jacobson 
radical of R[G]. Then SKi(R[G]) is contained in K.'i(R[G], J). If G is abelian, then 
SKi(J?[G]) = {1}. 

Proof. Consider the Wedderburn decomposition 

Z P [G}/ 'J = n.M ni {k i ) 

where each ki is a finite field of characteristic p and let W{ denote the ring of Witt 
vectors of k{. By the Standing Hypotheses we know that SKi(i? ®% Wi) = {!}. We 
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write R = R/pR which is a domain. Observe that we have the commutative diagram 

Ki(i? ®% p Wi, (p)) l+ptf^W 

1 ->• SKi(J2®z,,Wi) -> KtiR^Wi) d 4 {R®z p Wi) K -> 1 

\- \~ \- 

1 $Ki(R®Wi) -> Ki(S®Wi) (#®Wi) x -> 1 

4 I 
1 1 

Since 1 + pi? <g>z p Wi injects into (i? <g>z p Wj) x and since Ki(i? (g>z p Wi) surjects onto 
Ki(i2®z Wi), because p is in the Jacobson radical of R<giz p Wi, we see that SKi(i?<g> 
Wi) -> SKi(#(g> Zjj Wj) maps onto and so SKi(^R<g) Zp Wi) = {1}. This then shows 
SKi(i?[G]) is contained in lm(GL(R[G], J)), as required. 

Now suppose that G is abelian. By Lemma 12.21 (b) we know that if we have 
x € GL(i?[G], J) with Det(x) = 1, then x is elementary. The result then follows since 
by the above SKi(i?[G]) C lm(GL(R[G], J)). □ 

Lemma 6.15. For an arbitrary finite group G, £g is trivial on SK\(R[G]). We shall 
therefore henceforth feel free to view £g as being defined on Det(i?[G] x ). 

Proof. We know from Theorem 14.61 that SKi (R[G]) is computable by induction from 
Qp-p-elementary groups. Thus, by Theorem 15.51 it wm suffice to prove the result for 
p- groups. However, from Lemma[6jjwe know that £(SKi(i?[G])) = £(SKi(.R[G ab ])) 
and Lemma EH above shows that SKi(.R[G ab ]) = 1. □ 

Lemma 6.16. Suppose we have a surjection of finite groups a : G — > G. Then 
SKxORfG]) C a*{K x (R[G])). 

Proof. By Lemma [6.141 we have SKi(i2[G]) C K'^iJfG], Jr[g]) where Jr\g] denotes 
the Jacobson radical of R[G]. We claim next that cx(J R ^) = Jr[G]- We have Jr[g] = 
(Jr, Jz p [g]) and similarly for J R ^', thus it will suffice to show that a(J z ^) = Jz p [G] 
and therefore it will suffice to show a(J r jgj) = Jw p [G]- We know that the quotient 
rings ¥ p [G]/J ¥ ^ and ^p\G\/ J^ P [G\ are semisimple with the former mapping onto the 
latter with kernel a two-sided ideal. Thus we have a decomposition 

^ P [G]/J ¥p[G] =X®(¥ p [G]/J ¥p[G] ) 
which by lifting of idempotents lifts to a splitting 

¥ P [G] =X' ®Y 

where Y/Jy — F p [G] / Jf p [g] ] and so we see that indeed J ¥ ^ maps onto Jf p [g]- 
Finally we conclude since 

Mat(i?[G], J R[d] ) = GL(R[G], J R[d] ), M a t(R[G], J R[G] ) = GL(R[G], J R[G] ) 
and by the above Mat(i?[G], J R ^) maps onto Mat(i?[G], Jr[g])- n 
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6.e.3. The map Oq. First we need: 

Lemma 6.17. Let £ P {G) denote the set of Q p -p- elementary subgroups of G. Then 

(a) lu$ He£piG) H (H, R[H]) = H (G, R[G]); 

(b) l^J^H^H^RlHr]) = H^CRlGr}). 

(c) Suppose that for each subgroup H of G, we are given a subgroup M{H) of 
Det(i?[-ff] x ) such that the M(H) are natural with respect to inclusion, so that we 
have Ind H (M(H)) C M{G). Suppose further that for each H the quotient group 
Bet(R[H] x )/M(H) is a Z p -module and that Det(R[G] x )/M{G) is torsion free; then 
the natural map 

lhn Det(R[H] x )/M{H) —?■ Det(R[G] x )/M(G) 

He£ p (G) 

is surjective. 

Proof. Let d G T)et(R[G] x ). To see that (c) holds observe that by I4.bl for some m 
coprime to p we can write 

m-d= ^ n H lndH(0 H )d = ^ nHlndg(6>HRes^(d)) 

Hee p (G) He£ p (G) 

which belongs to ^2 Hf - £p ^Ind ( ^(Det(R[H] x )). The result then follows since all the 
Det(R[H] x )/M(H) are Z p -modules where m acts as an automorphism. 

For (a) and (b) by Theorem 14.41 it suffices to show that the right-hand terms are 
generated over £ p (G). This holds for (a) because S P (G) contains all cyclic subgroups 
of G. To see that (b) holds, note that for g G G r we have 

H ^ G 'Y, heG R 9 h ) = Hx(Z G (g),Rg) = H^Z^g^Rg) 

where Zc(g) p denotes a p-Sylow subgroup of the centralizer Zc(g). The result then 
follows since Zc{g) P • (g) G £ P {G). □ 

Lemma 6.18. For any finite group G we have that Det(i2[G] x )/ker(t;^. x £g) is a 
Z p -module. 

Proof. Since Im(^c) is a finite abelian p-group, it will suffice to show that the quo- 
tient Det(i?[G] x )/ker(ug) is a Z p -module. This follows for p-groups by (|6.3|) and 
(|3.3p . The result for Q p -p-elementary groups then follows from Theorem 15.11 The 
result for general finite groups follows from (c) above using Theorem 16.71 to see that 
~Det(R[G] x ) / ker(v' G ) is torsion free. □ 

We now define a group A(R[G]) and maps 9g and C R y G y, these appear in the 
statement of Proposition 16.201 

Let d : Go(Q p [G]) — > Gq{¥ p [G\) denote the decomposition map, which is a surjec- 
tive A-ring homomorphism which admits a natural splitting. Thus the isomorphism 
classes of F p [G] -modules are identified with Brauer modular characters in characteris- 
tic zero; so, in the sequel, for £ G Go(Q p [G])) we write d(£) both for the image of £ in 
G (F P [G]) and for its Brauer lift in f G G (Q P [G]). Note also that for 9 G G (Q P [G]) 
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we have the equality d(£) • 9 = d(£) • (d(9) + (9- d(9))) = d(f • 0). We define M(R[G}) 
as 

{Det(x) G Det(fl[G] x ) | tf(Det(x)) (d(£)) = Det(x)(d(£)f for all £ G G (Q P [G])}. 

We assert that the G (<Q> P [G])-Green structure of Det(.R[G] x ) makes M(R[G}) a 
G (<Q> P [G])-Green submodule: indeed, for 9 G G (Q P [G]) recall we have 0-Det(x)(O = 
Det(x)(£0), and so for Det(x) G M(R[G]) we have 

#(0 • Det(x))(d(£)) = F{(9 ■ Det(x)))(^d(£)) = F((0 • Det(x)))(d(V> P 0) 

= F(Det(x))(d(^ P • ^(0)) = F(Det(x))(d(4) p £) ■ dF{9)) 

= F(Det(x))(d(V> p £) • Vd(9)) = F(Det(x))(^ p d(e • 0)) 

= f (Det(x))(d(£0)) = Det(x)(d(£0)) p = (9 ■ Det(x)(d(£))) p . 

For future reference we note that M(R[G]) D kerd • Det(i?[G] x ). 
We define: 

Det'(R[GT) = Det'(fi[G]") 8 0o(() , [GD G„(F P [G]) = ^^[i]*) 

M«[G]) - A * (fl|G1) 



kerd-Det(i?[G] x ) 
and we set: 

A(i2[G]) = Det / ( J R[G] X )/X'( J R[G]) = Bet{R[G] x )/M{R[G}). 
The map 0g is defined to be the composite 

9 G : Det( J R[G] x ) -> Det / (i?[G] x ) -> A(i2[G]). 

We now define 

£ R[G] : A(i2[G]) -> ^ fl ®z p Wi = flb(G, R[G r \) 

where the product extends over the irreducible modular characters of Go(F p [G]), and 
where Cr\g\ is the product of the logarithmic maps 

-C mZpW . : (R ® Zp Wi) x -> R ® Zp W % 

followed by identification of the free -R-module on the p-regular conjugacy classes of 
G, namely Hq(G, R[G r ]), with Y\i R®z p Wi, by evaluation on the irreducible modular 
characters Xi °f G (see Brauer's Theorem in 18.2 of [S] and in particular Exercise 4 in 
18.2). To be more precise, writing Xi for the irreducible character associated to the 
i-th component of the above description, explicitly for each x G R[G] X we may view 
Cr[G] ° Oa(Det(x)) as being given by the value 

~~L Z £ mz p W i {'Det Xi (x)). 
i p 

We view Det'(-R[G] X ) as a Green module for the ring Go(F p [G]), and by the above 
M'{R[G\) is a sub-Green module of Det'(R[G] x ), and so A(R[G]) is a quotient Green 
module for G (F P [G]). 
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For each H C G, in the usual way we have the induction map Indg : Det' \R[H] X ) -> 
Det' \R[G] X ) and hence we have a natural map A(R[H]) -4- A(R[G}). 

Proposition 6.19. For each finite group G, the group A(R[G]) is a pro-p-group and 

lim A(R[H}) = A(R[G}). 

H&£ P (G) 

Proof. The proof proceeds in three steps. 

First Step: Note that if p\ \G\, then we have a decomposition 

R[G}^H i M ni (R® Zp W i ) 

for rings of integers Wi of non-ramified extensions of Q„. The result in this case 
therefore follows from Hypothesis (2) in 16. cl 

Second step: Suppose now that G is Q p -Z-elementary for some prime number I ^ p. 
We may write G = (C x C p m) x L where L is an /-group, C p ™ is a cyclic group of 
order p m for some m > and C' is a cyclic group with order prime to Ip. If m = 0, 
then we are in the situation dealt with in the first step and so we now suppose that 
m > 0. We set G' = C' XI L, and note that the natural quotient G — > G' is split. 

Every irreducible character of G can be written in the form Ind^(x) for x an abelian 
character of a subgroup H of G which contains C' x C p m; moreover, the irreducible 
characters of G which are inflated from G' arise precisely from those x which are 
trivial on C p m. 

Recall that (c) = C p m. We have the split exact sequence: 

1 -»• Det(l + (1 - c)R[G]) -> Det( J R[G] x ) ^ Det(i2[G'] x ) -»• 1 

and the surjection G — s> G' induces an isomorphism Gq(W p [G]) = Go(¥ p [G']). Thus, 
from the definition of M(R[G]), we have the direct decomposition 

M{R[G}) = Det(l + (1 - c)R[G]) x M(R[G']) 

and hence the natural map A(i?[G]) — > A(R[G']) is an isomorphism, and we are now 
done by Step 1. 

Third Step: To prove the final part of the Proposition, we use Brauer's induction 
theorem for modular characters (see Theorem 39 in [S]). By this result we know that 
for each prime I ^ p, we can find a positive integer di, prime to I such that for each 
A € A(i?[G]) we know that d[X is in the image of induction from Q p -Z-elementary 
subgroups of G. So varying over the primes different I from p, by the above we know 
that we can find a non-negative integer m such that p m A{R[G]) is a finite sum of 
pro-p-groups. 

To conclude we use Brauer's induction theorem for <Q) p -p-elementary groups ex- 
pressed in terms of modular characters (by applying the decomposition map to the 
standard form of Brauer's theorem) together with the Green module structure of 
A(R[G]) over Gq(¥ p [G]); this then shows that A(R[G]) is generated by induction 
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from Qp-p-elementary groups, and so by Theorem 14.41 we deduce 

lim A{R[H}) = A(R[G}). 

He£ p (G) 

□ 

As previously we set M (H) = ker(v' H x We conclude this subsection by noting 
that the maps 

v' H : Det(R[H] x )/M(H) -)■ H (H,R[H]), 
£ H : Det(R[H] x )/M(H) -> £Ti(ff, #[#]), 
afford commutative diagrams 

l^W^G) Det^^J^/M^) ^ 6£p(G) H (H,R[H]) 

Det(i?[G] x )/M(G) -> # (G,i2[G]) 

^ p (C) Det (^^ X )/ M ^) t ^^(G)^^™ 

4 \ £g I 

Det(i?[G] x )/M(G) -> H!{G,R[Cf\) 

where we denote the diagonal maps by v' G and £ G respectively. 

6.e.4. An exact sequence. Recall that we identify Hq(G, R[G]) and R[Cg\- We define 
sq = v' G x £ G x #G an d we let p G ■ H (G, R[G]) — > H (G, R[G r ]) be the .R-linear 
map induced by mapping each group element g £ G to its p-regular component g r . 

Proposition 6.20. The following sequence is exact: 
(6.6) Bet(R[G] x ) H (G, R[G]) © H^G, R[G r }) © A(R[G]) -> 

H 1 (G,R[G r ])®H (G,R[G r }) -> 



and 



w/iere r G (x y z) = (w G (ac) - (1 - *)y) © Go G (x) - £r[G](*)). 

Proof. Since formation of direct limits over £ p {G) (which need not necessarily form a 
directed system) is a right exact functor, by Lemma 16.171 we are reduced to showing 
that (|6.6p is exact when G is Q p -p-elementary. 

We again use the notation of Section [5] and write G = C x P. First note that, as 
H m is a p-group, clearly H m .r = {!}• For ease of notation, we will write H = H m , 
A = A m but still retain R[m] so that we are reminded of the corresponding extension 
of scalars. Next observe that as in (|6.5|) we have the exact sequence: 

Bet(R[m][H] x ) H (H, R[m]H]) © H\(H, R[m]) © A(R[m]) 

H^H, R[m]) © H (H, R[m]) ->■ 



which we rewrite as 

(6.7) Det(R[m][H] x ) H (H , R[m][H]) © (H ah © R[m]) © A(R[m]) 

(H ab © R[m\) © i2[m] -»• 0. 
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We then take ^4-fixed points to obtain the sequence: 
(6.8) Bet(R[m][H] x ) A ^ H (H , R m [H]) A ® (H ab ® R[m]) A ® A{R[m]) A 

(H ah ® R[m]) A © R[m] A -»• 

and we now wish to show that this sequence is exact. For this we first appeal to the 
fact that the two following sequences are left exact: 

1 -> ker(s H ) A Det(.R[ro][ff| x ) ji -> lm(s H ) A , 

1 ->• Im( Sjf/ ) A ->• H (H, R[m] [H]) A © (# ab ® #[m]) Aw! A(E[m]) A 

^ {H &h ®R[m]) A ®R[m] A . 

Considering the terms in the lower sequence (before we take A-fixed points) we see 
that, because R[m] is A = ^m-free, Hq(H, R[m][H]), H\{H m , R[m}) and (by hypoth- 
esis) the A(R[m]) are all A-cohomologically trivial modules, and so Im(s#) is also A- 
cohomologically trivial. Hence the map from i/ 1 ( J 4, ker(s#)) to H l (A, Dei (R[m][H] x )) 
is an isomorphism; therefore (|6.8p is indeed seen to be exact. 

We claim that H\(H, R[m\) A = H\(G, R[m]). By restriction and Shapiro's lemma 
(using the fact that R[m] is A- free) 

Hi{G,R[m\) ^ Hi(P,R[m\) = Hi{H,R[m] A ) 

and 

H X {H, R[m]) A = (H ah g> i?[m]) A = (H ah ® i?[m] A ) = #i(#, i?[m] A ). 
We then sum over m to obtain 

ffi^i^.iJH)^ = ® m H x {G,R[m]) = 

H\(G, ® m R[m]) 9* fl-i(G?,iJ[(7]) i2[G r ]). 
By Theorem 15. II we know that 

© m Det(i?M[# m ] x )^ = © m Det((i?[m] o P) x ) = Det(i?[G] x ) 
and by Lemma 16.91 we know that 

© m tf (# m ,i?M[# m ]) Am = ®mR[m)[C H J Am = R[C G ] 
and finally we must show the equality 

@ m A{R[H m ]) A ™ = A(R[G}). 
Let N again denote the field of fractions of R and we put 

ker(d m ) = ker(cZ G ) n G Q (N[m] o P) and Im(d m ) = lm(d G ) n G (N[m] o P) 
so that 

ker do = ffi m ker d m and d G = ffi m Imd m , 
and, as usual, e m denotes the augmentation map of iV[m][.Hr m ]. Then, for each divisor 
m of |C| , we fix an abelian character x °f order m and write G m = C x i? m . Then 
we see that ker d m is the group generated by virtual characters of degree zero of the 
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form lnd G x " (p ~ p(l)) f° r characters p of H m , and Imd m = Z • Indg m x ■ e m where 
e m is the trivial character of H m . 

We let Ip t m denote the 2-sided R[m] oP-ideal generated by the augmentation ideal 
I(R[m][H m ]). From the proof of Corollary 15.41 we observe that we have the exact 
sequence 

1 -> Det(l + Ip >m ) -»• Det(P[m] o P) P[m] AmX -)■ 1 
where the right-hand map is evaluation on Indg m x " e m', we therefore see that 

(6.9) kerd G ■ Det(P[G] x ) © m Det(P[m] o P x )| kcrrfm = 

= m Det(l + Ip, m )|kerd m = m Det(l + Ip, m ). 

Hence we have the commutative diagram with exact rows 

kerd G -Det(P[G] x ) ^ Det(P[G] x ) -» Det'(P[G] x ) 

I I r J, 

m Det(l + /(PH[^m])) Am ^ e m Det(P[m][# m ] x ) A ™ -» e m Det / (PH[ J ff fn ] x ) A " 

Indeed, the top sequence is exact by definition; the lower sequence is exact by applying 
the A m -fixed point functor to the exact sequence for the definition of Det'(P[m] [H m ] x ) 
and then appealing to Proposition 5.3 which shows that Det(l + I(R[m][H m ])) is A m - 
cohomologically trivial. The central vertical map is the isomorphism r = ®r m of 
Theorem 5.1; and the left-hand vertical arrow is an isomorphism by the above discus- 
sion and Theorem 5.1 which shows that r m (Det(l+ip jm )) = Det(l+ 1 (R[m][H m ])) Am ; 
therefore the right-hand vertical is also an isomorphism. 
The second pair of exact sequences that we need are 

kerd G -Det(P[G] x ) ^ M(R[G]) -» M'(R[G}) 

•\r -\r -\- 

® m Det(l + I(R[m]lH m ])) A ™ ^ ® m M(R[m][H m ]) A ™ -» ® m M ' (R[m][H m ]) A ™ . 

Here again the top row is exact by definition; for the lower exact sequence we note 
that ker d Hm Bet(R[m}[H m ] x ) = Det(l + I (R[m][H m ])) , as in fTSj) above, and so we 
have the exact sequence 

1 -> Det(l + I(R[m}[H m })) -> M(R[m][H m }) -+ M'{R[m] [H m ]). 

We again we take ^4 m -fixed points. The central vertical map is then an isomorphism 
by the definition of M and the fact that r is an isomorphism on Det(P[G] x ). 

Comparing the two pairs of exact sequences and using the hypothesis (2) in I6.cl we 
conclude that 



Det'(P[G]) Bet' (R[m][H„ v 

M'{R[G]) ~® m M'{R[m][H„ 



MR[G]) = = e. 1 :;™^ = ^MR[m][H m] y 



as required. □ 
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6.e.5. The maps 6 a and i. Compare to page 288 of [05]. Given an extension of finite 
groups 

(6.10) l^K^GAG^l 

we have the standard homology sequence (see for instance Theorem 8.1 and (8.2) on 
page 202 of [HS]) : 

(6.11) H 2 (G,R[G r }) H 2 (G,R[G r \) ^ K ah ® Z[G] R[G r ] -4 

A Hi(G, R[G r ]) Hx(G, R[G r }) -)■ 0. 

Recall that here G, G and K all act on the module R[G r ] via conjugation on G r . We 
let ^ (which we recall is denoted Vq in [05]) denote the composite 

K^RiG}) % H x {G,R[G r \) ^ H\(G, R[G r ]). 

For u £ SK±(R[G]) we choose a lift u € Ki(i?[G]) (see Lemma f6.16j) and by Lemma 
16.151 we know that £,g( u ) — lj hence we have 

(6.12) £q(u) = a* o £~(u) = i G {a{u)) = t G {u) = 1. 
6.e.6. The map T a . We continue with the above notations. 

Definition 6.21. Let A a = kcr(i?[G] R[G]). Then A a is the R[G]-ideal generated 
by (1 — z) for all z £ K . We now form the G-homology with respect to the exact 
sequence 

->■ A a -> R[G] -»• R[G] -> 

to get 

(6.13) Hi(G,R[G]) ^ H (G,A a ) -> i? (<5, i?[G]) -4 H (G,R[G}) -4 
and we define 

Hq(G, Aa) 



H (G,A a ) : 



d a (Hi(G,R[G])) 
= ker(H (a) : H (G, R[G\) -4 ff (G, = flo(G, fl[G])). 

We now define the map r a : A Q — > K ab <8>z[G] -R[GV] by the rule that 

s(l — ,z)g i-t> sz ® ct(g) r 

for s € -R, g € G, z E K. We see that r Q induces a further map, also denoted r Q , on 
the covariants 

r a : Ho(G,A a ) -4 HoiGiH^RiGr})) = K ah ® 2[G] fl[G r ]; 

here we use the fact that i?[G r ]) = if ab ® z i2[G r ] and for i?[G]-modules M and 

N we know that i? (G, M ® N) = H (G, M ® N) = M ® Z[G ] iV. 
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Using the above we obtain the exact top row of the following diagram: 

H r {G,R[G]) ^> H (G, A a ) -> H (G,R[G}) -»• H (G,R[G}) 
(6.14) | A ir a lr d 

H 2 (G,R[G r }) K ab <g) z[G] i?[G r ] A iZ[G r ]) 

where A is defined as follows: note that Hi(G, R[G]) is generated by elements g <S> sh 
for s € R, and g £ G, h £ G with the property that a(<?) and /i commute; we define 
X(g ® s/i) = a(<?) A /i s/t r € -ff| b (G, i?[G r ]). The lower row in the diagram is exact 
by (IBTTTD . Recall that ~H (G,A a ) was defined in Definition [622 with Ho(G,A a ) = 
coker(<9o,) and so r a induces a map 

r a : Hq(G, A a ) = ker(H (a) : i? (G, -> F (G fl[G])) - ^ ab f!;' ' 

6.e.7. The diagram. Noting that by the exact sequence (I6.1ip 

tet(Hi(G,R[G r ]) Hx(G,R[G r ])) = Im(i), 
we see from the above work that we may now assemble the following diagram: 

ker(H (G,R[G]) ^> H (G,R[G])) 

6 a (H$ b (G,R[G r }) + (1 - 9)H 2 (G,R[G r ])) 
| (* - 1) o i~ l 

lB3r{H x {G,R[G r ]) H a) H!(G,R[G r ])). 
where by definition (as in the Introduction) 

def H 2 (G,R[G r ]) 



tf 2 (G,i?[G r ]) 



flf(G,i2[G r ])" 

6.e.8. The map @r\g]- We continue to assume that R is as in the beginning of 

Theorem 6.22. Choose a group extension as in 116.1 U\) with the property that the 
image of the map 5 a : H2(G,R[G r }) —> H2(G, R[G r ]) is contained in i7| b (G, R[G r ]). 
Note that such extensions exist by Lemma 8. 3. Hi in [05]. Let u € SKi (i?[G]); by 
Lemma \6.16\ we may choose a lift of u denoted u € K\(R[G]). Mapping u to the value 

(6.16) @ R[G] («) = 6' 1 (r a o v'~ (u) + - 1) o r^gCSQ)) € H 2 {G, R[G r }) 

yields an isomorphism @r\g] : SKi(i?[G]) — > H 2 (G, R[G r ]))^ which is independent of 
the choice of the group extension A6.1Q\) . 

Remark 6.23. If G is a p-group, then G r = {1} and it is easily seen that the above 
map @r\g] coincides with the map defined in 3.c. 
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Proof. First we observe that by the condition on the group extension the map 5 a (in 
the diagram (|6.15p ) is a monomorphism: indeed using the exact sequence 

H 2 {G,R[G r \) H 2 (G,R[G r ]) ^ K ah ® m R[G r ] 

we see that the induced map (also denoted 6 a ) 

— K ah ® zrG1 R\G r ] 

5 a : H 2 (G,R[G r }) -> - Z r \ 
V L U 5 a (H$ h (G,R[G r })) 

is injective and hence 

K ah ® z[ o| i?[G r ] 



: H 2 (G, R{G r ])y 



5 a (Hl h (G,R[G r }) + (1 - *) J ff 2 (G,i2[G r ])) 
is also injective. 

Next we want to show that the terms inside the bracket on the right of (I6.16jl are 
all defined and that 

(6.17) r a o v'~{u) + (* - 1) o r^gCS)) € ker(t) = Im(<5 a ). 

First note that tq and £g admit factorizations 

r d : flo(G, i?[G r ]) ^> H^G, R[G r ]) ^ Hi(G, R[G r }) = H^G, R[G r ]) 

l 5 : Bet(R[G] x )^H 1 (G,R[G r ])^H 1 (G,R[G r ]) = H 1 (G,R[G r ]). 

Next observe that as in f|6. 12|) 

£g(u) € ker( J ffi(a) : #i(G,.R[G r ]) -»• #i(G, i?[G r ])) = Im(t). 

and also note that, as u £ SKi (i?[G]), we have Det(tt) = 1, and so v' G (u) = and 
hence u € Hq(G, A a ). By the diagram (|6.14p we know that ior a = tq and so applying 
i to the term in the statement of the theorem we get 

i(r a o v'~(u) + (tf - 1) o r l (l 5 (u))) = t 5 o vq(u) + (* - l)(£g(u)). 

We claim that the latter term vanishes: by Proposition 16,201 we know oj^ o v'~(u) = 
(1 — \P) fg(it); then using the factorizations for rg and £g above we see 

as required. The fact that this value is independent of choices follows exactly as in 
the argument provided in the proof of Theorem 12.9 of [05]. 

To conclude, we know from Theorem 11.61 that @r\g] is an isomorphism if G is 
a p-group. We now use Theorem 15.51 and Corollary 15.41 to show that @r\g] is an 
isomorphism if G is Q p -p-elementary. The functoriality of @r\g] together with the 
induction Theorem 14.71 will then show that Qr[g] is an isomorphism, in all cases, 
which agrees with our construction in £ 16. al 

Suppose now that G is Q p -p-elementary and we yet again adopt the notation of 
Sect. [5j By Theorem 15.51 and Corollary 15.41 we then have isomorphisms 

SKt(R[G\) * ® m SK! (R[m] oP,I P ) * ® m H (A m , SKx (i?[m] [#,„])) 
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and 

H 2 (G,R[G r ])v = H 2 (G,R[C]h © m # 2 (G, R[m]) 9 2* ® m H (A m ,H 2 (H m , R[m}))*. 

The latter isomorphism comes from the composition of functors spectral sequence for 
covariants of G as covariants of H m followed by covariants of A m and the fact that 
R[m] is A m -free with trivial i? m -action. The result then follows from the fact that 
by Theorem 13.241 @R[ m ][H m ] yields a functorial isomorphism from SKi (i?[m] [H m ]) to 
H2(H m , R[m])q, for each m. □ 



7. Appendix A: Adams operations 

Throughout this Appendix we assume that R satisfies the conditions imposed in 
£16.ci The proof of Theorem 16.41 follows the proof of Theorem 1 in [CNT] and the 
proof of Theorem 1.2 in [T]. There is one crucial difference between these proofs and 
the proof that we now give for the much more general rings R; this occurs in the 
special case when G is a p-group. As in [T] our proof proceeds in five steps. Four 
steps proceed essentially in the same manner as in [CNT] and [T], and so in these 
cases we often refer the reader to [T] for details; the fourth step is the case where G 
is a p-group: this is considerably more involved and it is dealt with in full detail. 

For a finite non-ramified extension L of Q p we again set Rl = R <8>z p Cl- Note 
that if R satisfies the standing hypotheses and the additional above hypothesis, then 
so does Rl. 

For an integer h we define 

(7^ M(H\n\ i> h (Vet(R[G} x ))Vet(R[GV) 
(7.1) M h {R[G]) = Det(jR[G]x) • 

In order to prove Theorem 16.41 it will suffice to show that Mf l (R[G\) = {1}. Our proof 
proceeds in five steps: 

Step 1. 

Lemma 7.1. If G has order prime to p, then Mh(R[G]) = {1} for all h. 

Proof. Since G has order prime to p we have isomorphisms 

Zp[0\ Y[.M ni (Oi) 

R[G] H.M ni (R® Zp Oi) 

for some non-ramified rings of p-adic integers Oj. Let O c denote the valuation ring 
of the chosen algebraic closure Qp of Q p and set £l p = Gal(Qp/Q p ). Then, as in 
Proposition 22 on page 23 of [F], we have the isomorphism 

Bet(R[G] x ) = Homn p (K (Q£ [G] ) , (R ® Zp O c ) x ) 

and the right-hand side is clearly stable under ijj h for any integer h, since the actions 
of ij) h and Q p commute. □ 
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Step 2. 

Proposition 7.2. If G is Q p -l- elementary with I ^ p, then Mh(R[G]) is killed by a 
power of p. 

Proof. See the proof of Proposition 2.5 on page 105 of [T]. □ 

Step 3. Here we suppose that G is a p-group. Recall that we have the natural 
decomposition 

Bet(R[G] x ) = Det(l + /(#[£])) x Det(i? x ). 

The factor Det(i? x ) is clearly stable under Adams operations, and so it will suffice 
to show that Det(l + I(R[G})) is stable under Adams operations. For future use we 
note the isomorphism 

4> h (Det(R[G] x ))Det(R[G} x ) 



(7.2) M h (R[G]) 



Det (i?[G] x ) 
V^(Det(l + J( J R[G])))Det(l + I(R[G])) 



Det(l + I(R[G])) 

We shall also use the exact sequence 

->• p<t>(A(R[G})) -> Det(l + I(R[G])) 1 + 7(i?[G ab ]) -> 1 

(see (3.8) in [CNT1]). Given x € 1 + I(R[G]), because g i-» g h induces an en- 
domorphism of i?[G ab ], because A(R[G]) C I(R[G]), and because I(R[G]) is con- 
tained in the Jacobson radical of R[G], we see that if we set x = ^2 g x g g and 
y = J2 g x g9 h el + I(R[G]) and if we put 

7 d i n ^(Det(x))-Det( ?/ )- 1 , 
then 7 is trivial on all abelian characters of G. 

Lemma 7.3. We have v G (i) € p<j)(A(R[G])) = i/ G (Det(l + A{R[G}))). 
Proof. Since for an abelian character x of G we have 

X0c(7)) = log(7(PX - Vx)) = 0, 

it follows that veil) € p<f>(A(R[G]))®Q p . Let u G (Det(x)) = J2cec G ^ cC with Ac G ^ 
by Theorem 13.31 We now show that 

z, G (^Det(x)) = ^ cgCG A c c h . 
This follows from the fact that, for each character \ OI G, we have the two equalities 
x(u G ^ h Det(x))) = log((^Det(x))(p X -^x)) 

= log(Det(x)(pi> h X ~ r^x)) = log(Det(x)(piP h X ~ ^ h X)) 

and 

= ^ h X (u G (Det(x))) = log(Det(x)(p^ h X - ^x))- 
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This shows that vg{i) G pR[Cq] and we have seen that pcj)(A(R[G])) ® Q p and so 
vg{i) ^ W>(*4(-^[G])). To conclude we note that by Theorem 13.41 we know that 
p<t>(A(R[G])) = i/ G (Det(l + -4(i?[G]))). □ 

Lemma 7.4. TTte group 

kev(v G : ^ h Det(l + J(12[G])) • Det(l + I(R[G])) -> JV[C G ]) 

is p-power torsion. 

Proof. In (|3.3|) we have seen that 

ker(i/ G : Det(l + I(-R[G])) -> pR[C G ]) = Det(G) 

which is p-power torsion. The result then follows from part (a) of Proposition 17.81 in 
Step 5 (which only uses Step 2) that Mh(R[G]) is p-power torsion. □ 

With the above notation we again consider 7 = ifj h (Det(x)) ■ Det(y) -1 . By Lemma 
17.31 we know that vg{i) S P<i>{A) = Det(l + A) and so by Lemma I7T41 we know that 
we can write 

7 = Det(z) • t 

with z £ 1 + A, and 

t S ker(z^ G : ^ h (Det(l + I(R[G])) ■ Det(l + I(R[G])) -> N[C G }) 

so that by Lemma 17.41 1 is p-power torsion and is trivial on abelian characters of G. 
Therefore we may write 

^(Det(x)) = Det(zy) • t. 

Thus, to prove that Mh(R[G]) = {1}, it will suffice to show that t = 1. 

First note that if x is a character of G, whose degree is denoted then, as G is 
a p-group, x — x(l) £ kerd p and so as in the methods used for Step 2 (see page 106 
in [T]), we know that 

iP h Det(x)( X - x(l)) = Det(x)(^ X - ^x(l)) = 1 mod P c 

where P c denotes the R®z p O c -ideal generated by the maximal ideal of O c ; therefore, 
since Det(zy)(x ~ x(l)) = 1 mod P c , we deduce that 

t(x) = t(x ~ X(l)) = 1 mod P c . 

Let Tr denote the subgroup of p-torsion elements Homn p (Ko(Q£[G]), (R <S> O c ) x ) 
which are trivial on the abelian characters of G. We can now use the above work to 
define a homomorphism £ : Mh(R[G]) — > Tr by the rule that 

C(^ h Det(x)Det( J R[G]) x ) = t. 

Note that by the exact sequence (|3.3p we know that 

Det(l + I(R[G])) n T R = Det(G) n T R = {!}. 
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This map is well-defined and injective. For instance to see that £ is injective, with 
the obvious notation suppose that 

C(ip h T>et(x)) = t = £(^ h Det(a/)) 

then 

^ /l Det(x)Det(y)" 1 = t = </> h Det (a/pet (y') -1 
and so V h Det(xx'- 1 ) = Det^y'" 1 ) € Det{R[G] x ). 

Lemma 7.5. Let L denote a finite non-ramified extension of Q p in and put 
Rl = i? £*Dz p Oh- From Lemma 6.1 in [CNT1] we know that there is a decomposition 
of R-algebras 

nn(L) 
' RL,i 
i=l 

where the Rl,i are integral domains which satisfy the Standing Hypotheses. Then the 
numbers n(L) are bounded as L ranges over all finite non-ramified extensions of Q p 
in%. 

Proof. Let O p r denote the valuation ring of the maximal non-ramified extension of Q p 
in Q^. By lifting idempotents (see for instance Theorem 6.7 on page 123 of [CR1]) we 
know that there is natural bijection between the idempotents of i?®Fp and R®i p O p r ; 
therefore, by the additional hypotheses introduced in 6.c, R ®% p 05* contains only a 
finite number of orthogonal idempotents. The result then follows. □ 

Lemma 7.6. Let C, p n denote a primitive p n -th root of unity in Q p for n > 0. Suppose 
E C Q p (Cp"). Then 

(a) R <8>z p Oe is an integral domain; 

(b) n P °°{R ®z p O e ) = 

Proof, (a) Recall that we write TV for the field of fractions of the normal domain 
R. Since R and Oe are flat over Z p we know that R (8)z p Oe C N (8>q E and so 
it will suffice to show that N and E are linearly disjoint over Q p . Let tie denote a 
uniformising parameter for E and suppose for contradiction that 

[NE :N]=m<[E: Q p ]. 

Then ~Norm NE /n^e) belongs to R and has p-valuation [NE : N][E : Q p ] _1 < 1 
which contradicts the fact that p is prime in R. 

To prove (b) suppose for contradiction that Cp r G fi p °°(R ®z p Oe) but Q p r £ E. 
We put M = E(£ p r) which strictly contains E and is totally ramified over Q p and 
we let ttm denote a uniformising parameter for M. Then using (a) we see that 
Nornijv e/n^m) has valuation 

[NE : N][M : Q^ 1 = [E : Q p ][M : Qp]" 1 < 1 

which again contradicts the fact that p is prime in R. □ 

We now conclude the proof of Step 3. Suppose that the torsion group Tr has 
exponent p e , let L' /<Q p denote a non-ramified extension with n(L') maximal as in 
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Lemma 17.51 We write N'l' /Q p f° r the co-restriction (or norm map) of L' /<Q p . Then 
we can find a non-ramified extension L of V of degree p e . By Lemma 17.61 we know 
that T Rl = T R and so 

^L/Q p (T R J=Af L , /Qp oAf L/L r(T R J=^ L , /Qp (TQ = 1. 

We then have a diagram 

1 M h {R L [G\) X T Rl 
I Ml/% 1 

1 M h (R[G}) A T R . 

But by Theorem [63] we know that Af L/Qp (l + I{R L [G})) = M L/Qp (l + I(R[G])); hence 
Nl/q (Mh(RL[G])) = Mh(R[G]), and we have therefore shown that for a p-group G 
we have M h (R[G]) = {1}. □ 

Step 4. 

Proposition 7.7. For each Q p -p- elementary group G, and for all integers h, 

M h {R[G\) = {1}. 

Proof. This is essentially the same as the proof of the corresponding statement given 
in the first part of Sect. 3 in Ch. 9 of [T]. □ 

Step 5. 

Proposition 7.8. (a) Given an integer h and a prime number I ^ p, then, given 
a finite group G, we can find an integer mi, which is not divisible by I, so that 
miMh (R[G]) = {1} for all h, and so Mh(R[G]) is killed by a power of p. 

(b) Given an integer h, then Mh(R[G]) is killed by an integer which is coprime to 

p. 

(c) Mh(R[G]) = {1} for an arbitrary finite group G. 

Proof. The arguments are similar to the proof of the corresponding statement in [T]. 
For example for (a) we can start the argument by observing that by Theorem 28 in 
[S] we can write 

and then use Step 2. 

Part (b) follows similarly using Step 4, and then (c) follows immediately from (a) 
and (b). □ 
As above, we now see that this implies Theorem 16.41 

8. Appendix B. 

8. a. Proof of Corollary 11.81 The notation here is as in the Introduction. For the 
convenience of the reader we recall some of the set-up. We let {Cj}j S / denote the set 
of G-conjugacy classes in G r , let gi be a chosen group element whose conjugacy class 
lies in d and let denote the centralizer of gi in G; then we have a disjoint union 
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decomposition G r = \ Next consider the action of ^ on the {Cj}j e /. We may 

view this action as an action on / and we let J denote the set of orbits of the action 
of ^ on /; for j 6 J we let rij denote the cardinality of j. We then obtain a further 
disjoint union decomposition 

where ij denotes a chosen element of the orbit j. This induces the decomposition of 
homology groups 



H 2 (G,R[G r ]) 



H 2 (G,Z[G r ]) ® R 
®iH 2 {Gi,Zgi) ® R 



and hence a decomposition 
H 2 (G,R[G r ]h 



(e J e2=iH2(G h ,Zg? i m )®Rh 

Z[¥] 



= {® j {H 2 {G ij ,'L 
= ® 3 [H 2 (G ij ,Z) 

We now show that we have a similar decomposition 



Ry n j]v 
R 

S> -, 

(F — 1)R 



)®Rh 



(8.3) (Ht(G,R[G r ])h = Q) 

j 

and hence the decomposition 



Hl b (G li ,Z)® 



(H 2 (G,R[G r ])h = Q) 



H 2 {Gi.,Z)® 



R 



(F-1)R 



R 



(F-l)R 



To this end we observe that for an abelian subgroup A of G, if as previously, we write 
{A r } = {ai t .„ak}, then, because A acts trivially on A r , we can write 

H 2 {A,R[A r ]) = ®f =1 H 2 {A,Rai). 

If ai is a conjugate of g?. ; , with say a!( = i for h £ G; then, since A centralizes 

oj , we know that A centralizes g,-., A , and so we have ^4 C and hence 

CoT G A (H 2 {A,R ai )) = Cov%{H 2 {A h ,Ra!?)) C 

Conversely we know that H2 h (Gi j , i?) is generated by the images under corestriction 
of the H 2 (B,R) for maximal abelian subgroups B of G^. Since is centralized by 
such a maximal abelian subgroup of G^ , we see that B must contain g^; therefore 
we have the inclusion 

G U 



Corf j (H 2 (B,R)) = Covp (H 2 (B,R 9ij )) c H$ h (G ij{l) , YZ=i Rg l 
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which establishes ()8.3j) . as required. 



□ 



8.b. Proof of Corollaries HTTPl [TTTTl Recall that F(t) = t p . We start with Cor. 
HZEEl Note that W{{t}} = W((t" 1 })+ tW[[t]]. Since (1 - F)tW[[t}} = tW[[t]], we see 
that 

wat- 1 )) w{{t}} 

(1 - F)W ((t-i)) (l-F)W{{t}} 
and the result follows from Corollary 11.91 □ 

Now we consider the proof of Cor. 11.111 

We have 

w{{t}} = r l w ((r 1 )) @w[[t}} 

and we get 

w{{t}} t- l w{{t- 1 )) W 

(1 - F)W{t}} ~ (1 - F)t- l W ((t- 1 )} ® (1 - F)W 
This certainly shows that the map 

WW . W{{t}} 
(l-F)W[[t\] (l-F)W{{t}} 

is injective. 

We write W m for W/p m W. We have 

w m ((t))=t- 1 w m [t- 1 ]ew m [[t}}, 

and we note that 

t- l w m [t~ l ) = ®rf k>0 w m t- k ® k >o(i- F)w m t~ k = ®^ k>Q w m t- k ®{i-F)r l w m [r 1 ]; 

therefore, for each m > 0, we have shown 

W m ((t))/(l-F)W m ((t)) _ k 
W m [[t]]/(l-F)W m [[t}] ~®v\k>oW m t . 

Using the Mittag-Lemer condition twice we get 

W{{t}}/(l-F)W{{t}} lim m W m {(t))/(l -F)W m ((t)) 

W[[t}}/(1 - Fn)W[[t}} |im m W m [[t]]/(1 - F)W m [[t}\ 

W m ((t))/(l-F)W m ((t)) 



^im ■ 



W m [[t]]/(l-F)W m [[t}} 



= hme^ k>0 W m t k 

m 

which is torsion free. □ 
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